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PREFACE 


In this Nfcext on calculus I have endeavored to emphasize 
those principles that are found most useful in applications to 
science and engineering. In the arrangement of material 
I have merely brought together topics naturally associated 
in the problems. In the treatment of these topics detailed 
methods are presented rather as suggestions than as em¬ 
bodying rules necessarily to be followed. The formal work 
on integration has been segregated so that a choice may 
be made as to the amount of time assigned to that part. 
For the convenience of those who do only a limited amotmt 
of this formal integration, a table of integrals, including all 
the forms needed in the problems, has been appended. 

The last chapter on differential equations contains a brief 
treatment of the types most frequently encountered. For 
a more complete treatment reference is made to my book on 
Differential Equations. 

H. B. Phillips 

Cambbidqb, Mass., February, 1927 
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CALCULUS 


CHAPTER I 
INTRODUCTION 

1. Definitioa of Function. — In many problems we have 
two variables one of which is expressible in terms of the other. 
When a value is assigned to one, a value of the other can be 
calculated. This relation of two variables is expressed by the 
word fxmction. That is, a quantity y is called a function of 
a quantity x if values of y are determined by values of x. 

Thus, the distance moved by a body is a fimction of the 
time; for, the time being given, the distance is determined. 
The area of a circle is a function of its radius; for, the radius 
being given, the area can be calculated. 

It is not necessary that a single value of the function corre¬ 
spond to each value of the variable. Several values may be 
determined. Thus, if x and y satisfy the equation 

x^ — 2 xy + y^ = X 


then y is a function of x. To each value of x correspond two 
values 

y = X ziz V» 

found by solving the equation for y. In an actual problem 
however one of these might not be used so that y (as used) 
might be single valued. 

A quantity u is called a function of several variaMes if u is 
determined when values are assigned to all those variables. 

Thus, if z = a? + y\ then g is a function of x and y; for, 
values being assigned to x and y, a value of 2 is determined. 

1 
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Similarly, the volume of a cone is a function of its altitude 
and radius of base; for, the radius and altitude being given, 
the volume is detennined. 

2. Kinds of Fimctions. — An expression containing vari¬ 
ables is called an explicit function of those variables. Thus 
Va; 2 / is an explicit function of x and y. Similarly, if 

,1 

y = x + - 

then 2 / is an explicit fimction of x. 

A quantity determined by an equation not solved for that 
quantity is called an implicit function. Thus, if 

x^ — 2 xy + = X, 


y is an implicit fxmction of x. Also x is an implicit function 
of y. 

Explicit and implicit do not denote properties of the func¬ 
tion but of the way it is expressed. An implicit function is 
rendered explicit by solving. For example, the above equa¬ 
tion is equivalent to 

y = a; db Va:, 

in which y appears as an explicit function of x. 

A rational function is one represented by an algebraic 
expression containing no fractional powers of variable quan¬ 
tities. For example, 

xs/d -b 3 
+ 2x 


is a rational function of x. 

A function is called algebraic if it can be represented by an 
algebraic expression or is the solution of an algebraic equation. 

Functions that are not algebraic are called transcendental. 
For example, sin a; and log a; are transcendental functions 
of X, 
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3. Independent and Dependent Variables. — In most 
problems there occur a number of variable quantities con¬ 
nected by equations. Arbitrary values can be assigned to 
some of these quantities and the values of the others are then 
determined. Those taking arbitrary values are called in¬ 
dependent variables; those determined are called dependent 
variables. Which variables are taken as independent and 
which as dependent is usually a matter of convenience. The 
number of independent variables is however determined by 
the equations. 

For example, in plotting the curve 

y = a? X 

values are assigned to x and values of y are calculated. The 
independent variable is x and the dependent variable y. 
We might assign values to y and calculate values of x but 
that would be much more difficult. 

4. Notation. — A particular function of x is often repre¬ 
sented by the notation f(x), which should be read function 
of X, or / of X, not / times x. For example 

f{x) = Va? -f 1 

means that f(x) is a symbol for Vx^ + 1. Similarly 

y = /(») 

means that y is some definite (though perhaps unknown) 
function of x. 

If it is necessary to consider several functions in the same 
discussion, they are distinguished by subscripts or accents 
or by the use of different letters. Thus fiix), fix), 
fix), gix) (read /-one of x, /-two of x, /-prime of x, /-second 
of X, g of a:) represent (presumably) different functions of x. 

Functions of several variables are represented by writing 
commas between the variables. For example, 

t»=/(nA) 
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expresses that v is a function of r and h and 

V = f{a, 6 , c) 

expresses that w is a function of a, h, c. 

The / in the symbol of a function should be considered as 
representing an operation performed on the variable. Thus, 
if ft 

f(x) = + 1 , 

/ represents the operation of squaring the variable, adding 1, 
and extracting the square root of*the result. If x is replaced 
by any other quantity, the same operation is to be performed 
on that quantity. For exai^le, 

/( 2 ) = VW+T = VW, 

f(y + 1 ) = + 1)2 + 1 <= Vy^-]-2ty + 2 . 

6. Limit. — If a variable x approaches a constant o in 
such a way that the difference x — a ultimately becomes and 
remains numerically less than any preassigned quantity, 
the constant is said to be the l^it of the variable. This is 
expressed by^hgjiiotation x —> a or 

hmir = a. 

a variable x ultimately becomes and remains numerically 
greater than any preassigned quantity, it is said to become 
infinite. This is expressed by the notation x —>• oo . If the 
values are ultimately all of one algebraic sign, we sometimes 
indicate this by writing x— »+oo, or x— oo, according 
as they are all positive or aU negative. 

If f(x) approaches thfe limit A as x approaches the limit a, 
this is expressed by the notation 

lim/(x) = A. 

Example. Find the value of 


1 
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When X approaches the limit 1, it is obvious that x + 


X 


approaches the limit 1 + j, or 2, in such a'way that a stage 

in the process can be found beyond which the difference of 
the two remains numerically less than any previously assigned 
quantity. Hence 


^(x + = 2 . 


6. Properties of Limits. — In finding the limits of func¬ 
tions frequent use is made of certain simple properties which 
follow almost immediately from the definition. 

1. The limit of the svim of'd finite number of functions is 
equal to the sum of their limits. 

Suppose, for example, ^Y, Z are three functions approach¬ 
ing the limits A, B, C, respectively. Then X Y Z is 
approaching A A- B + C. Consequently, 

]im(X + Y + Z)=A + B-\-C = ]jmX + ^Y+limZ. 

2. The limit of the prodibd df a finite number of functions is 
equal to the product of their limits. 

If, for example, X, Y, Z approach A, B, C, respectively, 
then XYZ approaches ABC, that is, 

lim XYZ^ ABC = lim Z • lim 7 • lim Z. 


3. If the limit of the denominator is not zero, the limit of the 
quotient of two functions is equal to the quotient of their limits. 
Let X, Y approach the limits A, B and suppose B is not 
X A 

zero. {{Then-p approaches ^, that is, . 

,. X A hmZ 


If B is zero, the expression 


A 

B 
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has no meaning. In such a case 

X 

Y 

may or may not approach a limit. 


7. The Form 


When X is replaced by a particular 

number a, a function fix) sometimes assumes the form^. 

This sjrmbol does not represent any definite value. Yet the 
function fix) may approach a definite limit as x approaches 
o. This is often made evident by writing the function in a 
different form. 

Example 1. Find the value of 

,. a ^-1 
lim-r. 

X—^ 1 

When X is replaced by 1 the function takes the form 

1 - 1^0 
1-1 O' 


Since, however, 


x ^-1 
X — 1 


= X + 1, 


lim^-= lim {x + 1) 

z— >1 X 1 


2 . 


Example 2. Find the value of 

Vl + a: — 1 


lim- 


X 


When X = 0 the function becomes 


1 - 1^0 
0 0 * 
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Multiplying numerator and denominator by Vl + x + 1, 
we get 

A/r+^- 1 a; ^ 1 

X a:(Vl + X +1) VfT«+l' 

As z approaches 0, this last expression approaches Hence 

vr+7 -1 , 

hm-- 

®-^o a: 


EXERCISES 

1. Given — 2 xy + — x + 1 =0, express y as an explicit 

function of x. 

2. 11 Six) - + 1, show that/(— x) == fix). 

3. If Six) - A Qosx + B sin x, show that/(x + 2 ^r) = /(a?). 

4. If/(x, y) = — 2 xy, find/( 2 /, x). 

Find the values of the following limits: 


6. 

jjjn 35* + 2 a: - 3 

a;^0 X — 6 

6. 

lim + 

X —X 1 

7. 



X—X 0/ 

8. 

lim 

^—^0 tan B 


9. When x approaches zero show that sin ~ .. 

does not approach a limit. - 

10. Inscribe a series of cylinders in a cone, as j 

shown in Fig. 7. When the number of cylinders 

increases indefinitely, their altitudes approaching zero, does the sum of 
the volumes of the cylinders approach that of the cone? Does the sum 
of the lateral areas of the cylinders approach that of the cone? 
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8. Increment — When a variable changes value, the 
algebraic increase (new value minus old) is called its mere- 
ment and is represented by the symbol A written before the 
variable. 

Thus, if z changes from 2 to 4, its increment is 
Aa: = 4 - 2 = 2. 

If z changes from 2 to — 1, 

Ax = — 1 — 2 = —3. 


The increment is positive when there is an increase in 
value, negative when there is a decrease. 

Let yhe a. function of x. When x receives an increment 

Aa:, an increment Ay will be 
determined. The increments 
of X and y thus correspond. 
To illustrate this graphically, 
let z and y be the rectangular 
coordinates of a point P. An 
equation 

y = 

Fig. 8. 

represents a curve. When z 
changes the point P changes to some other position Q on 
the curve. The increments of z and y are 

Aa; = PR, Ay = RQ. 



9. Continuous Function. — A function is called continwms 
if the increment of the function approaches zero as the in¬ 
crement of the variable approaches zero. 

8 



CHAP.n. 


THE DERIVATIVE 


9 


In Fig. 8, y is a continuous ft notion of x] for, as Ax ap¬ 
proaches zero, Q approaches P and so Ay approaches zero. 

In Figs. 9a and 9b are shown two ways that a function can 
be discoTiUnuous. In Fig. 9a the curve has a break at P. 
As Q approaches P', Ax = PR approaches zero but Ay = RQ 
does not. In Fig. 9b the ordinate at x — a is infinite. The 
increment occurring in a change from x = a to a neighboring 
value is infinite. 



Fig. 9a. Fig 9b. 


10. Slope. — In case of a straight line (Fig. 10a) 


Ax 


RQ 

PR 


= tan 


(10a) 


is called the slope. If the line extends upward on the right 
and downward on the left (as in Fig. 10a) Ax and Ay have the 


same algebraic sign and the 
slope is positive. If the line 
extends downward on the 
right and upward on the 
left, Ax and Ay have op¬ 
posite signs and the slope is 
negative. 

If P and Q are two points 
on a curve (Fig. 10b), 



Fig. 10a. 


RQ _ ^ 
PR Ax 
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is the slope of the chord PQ. As Q moves along the curve 
toward P, the line PQ tmns about P and usually approaches 
a limiting position PT. This line PT is called the tangent 
to the curve at P. 

As Q approaches P, Ax approaches zero and the slope of 
PQ approaches that of PT. Therefore 

A?/ 

slope of the tangent = tan <l> = lim . (10b) 

Ai^O Ax 



The slope of the tangent at P is called the slope of the 
curve at P. The angle <j> is measured from the right end of 
the x-axis counterclockwise to the tangent line. When this 
angle is acute the slope is positive, when obtuse the slope 
is negative. 

Example. Find the slope of the parabola y - a? at the 
point (1,1). 

Let the coordinates of Phe x,y and those of Q, x + Ax, 
y -h Ay (Fig. 10c). Since P and Q are both on the curve, 

y = 

and 


y Ay — (x + Ax)® = x® + 2 xAx + (Ax)®. 
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Subtracting these equations we get 

Ay = 2 xAx + (Acc)®. 

Dividing by Ax, 

As Acc approaches zero, this approaches 

slope at P = 2 a;. 

This is the slope at the point P(x, y) with abscissa x. 
point (1, 1) it is then 2.1 = 2. 

11. Derivative. — Let w be a function of x. 


At the 


It ^ 

Ax 


approaches a limit as Ax approaches zero, that limit is called 
the derivative of y with respect to x. It is represented by the 

notation ^. That is 
dx 


i™ ^ 

dx 


lim 


dv 

The expression ^ is at present to be regarded merely 


as a 


symbol for the derivative. Later we shall show that it is 
actually the ratio of two quantities dy and dx called differen' 
tials. That is the reason for the notation adopted. 

A*!/ 

The derivative, being the limit of -p , is approximately 

equal to a small change in y divided by the corresponding 
small change in x, the approximation becoming better as the 
increments approach zero. 

If small increments of x and y have the same algebraic sign, 
^ is positive and in the limit ^ is positive or zero. If they 

have opposite signs, ^ is negative or zero. Therefore when 
the derivative is positive x and y increase and decrease to- 
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gether, wheii it is negative one variable decreases as the other 
increases. 

Example 1. Given y = ''5^, make a table of corresponding 

dfV 

values of Ax and Ay and so estimate the value of ^ at a: = 2. 

In the following table values near 2 are assigned to x, the 
corresponding values of y are calculated, and the increments 
(new value minus old) are determined using x = 2, y — 
1.2599 as starting point. 


X 

y 

Az 

Ay 

Ay 

Ax 

1.8 

1.2164 

- 0.2 


0.217 

1.9 

1.2386 

- 0.1 


0.213 

2.0 

1.2599 

0.0 



2.1 


0.1 

.0207 

0.207 

2.2 


0.2 

.0407 

0.203 


As Aa: approaches zero either from the positive or the nega¬ 
tive side the numbers in the last column seem to approach 
a common limit approximately 0.210. This is the estimated 
value of the derivative at a; = 2. 

Example 2. Find the derivative of y = -. 

CI7 

When X and y receive increments Aa: and Ay, the new values 
are a: + Aa:, j/ -I" Ay. Since these satisfy the equation, 


y+ Ay = 


1 

a; •+• Aa:' 


By subtraction we get 


Ay = 


1 

a: -f Aa; 


Dividing by Aa:, 

Ay 


1 

X 


Ax 

x(x+Ax) * 


1 
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When Aa; approaches zero, this approaches 

dy^ 1J_ 

dx X?' 


1. Given 


EXERCISES 
y = logio X, 


from a table of logarithms obtain an approximate value of ^ at a: = 10. 

ax 

2. Given y — Vx, make a table of values near x — 1 and from this 
estimate the value of ^at x = 1. 

In each of the following cases show that the derivative has the value 
given. 


8. y = a? +3 X, 
4. y = 3^, 


dx 


6 . 2 / = 




% _ J. 
dx x^* 

dx X® * 


7, Construct the parabola y = --2 x and find its slope at the 

point with abscissa x. At what point does the tangent make an angle 
of 45° with the x-axis? 

8, Construct the curve 

2/ ~ x^ — 2 X® 

and find the points where the tangent is parallel to the x-axis. 

9, If X is an acute angle and y — cos x, does y increase or decrease 

as X increases? Is ^ positive or negative? 

10, Show that the slope of the curve 

1 

is negative for all values of x. 

12. Speed. — If a body moves through equal distances 
in equal times in a straight or curved path, the distance 
traveled divided by the time is called its syeed. 
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If the body does not travel equal distances in equal times, 
its speed is variable and cannot be determined in this simple 
way. In that case the ratio of the distance traveled to the 
interval of time is called the average speed in that interval. 
Thus 


average speed = 


distance 

time 


During a very short interval of time the speed is nearly 
constant and becomes more nearly constant as the interval 
is diminished. Hence the speed at a particular instant is 
defined as the limit approached by the average speed when 
the interval containing that instant approaches zero. That 
is, 

, ,. distance 

speed = lim —r. -. 

tune 


Let s be the distance traveled in time t. Then As is the 
distance traveled in time At and 

As 

At 


is the average speed m that interval, 
time t is 


V 


=lim 

Ai—>0 


As 

At 


dt‘ 


Hence the speed at 


( 12 ) 


Thus speed is the derivative of distance traveled with respect 
to the time. 

Example. If the distance a Dody travels in t seconds is 

s = 16 + 20 t, 

find its speed at the end of 2 seconds. 

At time t + At the distance traveled is 


« + As = 16 (i + Aty + 20 (f + At). 
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By expansion and subtraction of s we get 

As = 32 f Ai + 20 + 16 (Ai)*, 

whence 

As 


Lt 


= 32 f + 20 + 16 Ai. 


When Ai approaches zero, this approaches 

/]o 

V = ^=Z2t + 20. 
at 

This is the speed at time t. At time i = 2 it is then 

«; = 84 ft./sec. 


£) !KIE)£tCI S£/S 

1. A body, starting from rest, falls approximately 

s = 16 

feet in t seconds Find its average speed during the first 3 seconds 
and its speed at the end of 3 seconds 

2. A body thrown downward with a speed of 100 ft./sec. travels 
the distance 

s = 100 i + 16 

feet in t seconds. Find its average speed between t — 2 and t = 2.01 
and its speed at the time t = 2. 

3. If the distance a body moves m t seconds is 

s =t^+2 

find its speed at the end of t seconds. 

4. A particle moving along a straight line travels the distance 

5 == «3 6 + 12 ^ 

in t seconds. When does its speed become zero? 

6. A particle moves with constant speed in a circle of radius a, 
making n complete revolutions per second. What is its speed? 



CHAPTER in 

DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 

13. Differentiation. — Instead of applying the direct 
method of the last chapter, differentiation is usually per¬ 
formed by means of certain formulas derived by that method. 

d 

In this work we use the symbol ^ for the operation of taking 
the derivative with respect to x. Thus 

+ v) — derivative of {u + v) with respect to x. 

CLOj 

14. Formulas. — Let u, v be fimctions of a single variable 


X and c. 

n constants. 

1. 

^ n 

T-c = 0. 

dx 

n. 

d , , . du . dv 

5j(« + »)-2j + gj' 

m. 

d , ^ du 

IV. 


V. 

du dv 

d /u\ ^ dx ^ dx 

dx\y/ ~ y® 

VI. 

d ^ ^ ^du 


It is assumed that the fimctions u, v have derivatives. At 
the values of x used these functions must then be continuous. 
For, if Am does not approach zero as Aa; approaches zero, 

Am 

Ax 

cannot approach a definite limit. 

16 
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16. Proof of 1. — The derivative of a constant is zero. 

When the variable x receives an increment hx, a constant 

does not vary. Hence Ac = 0, 0, and in the limit 



16. Proof of n. — The derivative of the sum of a finite 
number of functions is equal to the sum of their derivaiives. 

Let 

y = u + v. 

Since u, v, y are functions of x, when x takes an increment 
Ax, u changes to u + Au, v io v Av, and y to y Ay. 
Consequently 

y Ay — uAu + V + Av. 

Subtraction of the two equations gives 

Ay = Au-{- Av, 

whence 

Ay _ ^ 

Ax ~ Ax Ax' 


. . 1 Ay Au Av ,dy du dv 

As Ax approaches aero, ;^approaeh 3 j, gj, gjaa 

limits. If two quantities are always equal, their limits are 
equal. Hence 


^ _ du , dv 
dx dx~' dx' 


In a similar way we prove that the derivative of the sum of 
any finite number of functions is equal to the sum of their 
derivatives. This is expressed by saying that differentiation 
is a distrihdive operation, that is, can be applied to (dis¬ 
tributed over) the terms of a sum and the results then col¬ 
lected to obtain the derivative of the sum. 
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17. Proof of m. — The derivative of a constant times a 
function is egual to the constant times the derivative of the 
function. 

Let 

y — cu. 

Then 

2/ + Ay = c(m + Aw) 

and so 

Ay = c Aw, 

Ay _ Aw 
Ax ^ Ax’ 


As Ax approaches zero and c ^ approach — and c ^. 


Therefore 


dx~ ^dx’ 


If the result of performing two operations one after the 
other is independent of which is performed first and which 
second, the operations are called commutative. The formula 
just proved expresses that differentiation and multiplication 
by a constant are commutative operations. 

A fraction with a constant denominator should be differ¬ 
entiated by this formula. Thus 

^/w\_^/l^ \ _ 1 ^ 
daj\c/ da;\c ^)~ cdx' 

18. Proof of IV. — The derivative of the product of two 
functions is equal to the first times the derivative of the second 
plus the second times the derivative of the first. 

Let 

y = w). 

Then 

2 / + Ay = (w + Aw) (v + Av) 

- uv -j- vAu + (w + Aw) At), 
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Subtraction gives 

Ay = y Am + (w + Am) Ay, 


whence 


Ay Am , . , . v 

iJ=t.^+(u+Au) 


Ay 

a5' 


Since m is a continuous function, Am approaches zero as A® 
approaches zero. Therefore in the limit 

dy _ ^ ^ 

dx ^ dx ^dx‘ 


In a similar way we can prove 


d , . dw , dv , du 
T- (uvw) = UV + UW^ + VW -y . 
dx dx dx dx 


The derivative of a product is thus obtained by differentia¬ 
ting the factors one at a time, multiplying by the product of 
the other factors, and adding the results. 

It is to be noted that differentiation and multiplication by 
a variable are not commutative operations. That is, 


and 


d 


(uv) 



are not in general equal. 

19. Proof of V. — The derivative of a fraction is equal to the 
denominator times the derivative of the numerator minus the 
numerator times the derivative of the denominator, aU divided 
by the square of the denominator. 

Let 

M 
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Then 


and 


y-\- Ay == 


U+ Au 
V Av 


Ay = 


u+ Au 
V + Av 


u _ V Au — u Av 
v~ v{v Av) 


Dividing by Ax, 


Au Av 

Ay _ Ax Ax 

Ax v{v + Av) 


Since v is a continuous function of x, Av approaches zero as 
Ax approaches zero. Therefore in the limit 

du dv 
dx^ v^ 


This proof is valid however small v may be provided it is 
not zero. As v approaches zero, if both sides of the equation 
approach definite limits, those limits must be equal. 

20. Proof of VI. — The derivaiive of a variable raised to a 
constant power is equal to the produd of the exponent, the vari¬ 
able raised to a power one less, and the derivative of the variable. 

We consider three cases depending on whether the ex¬ 
ponent is a positive whole number, a positive fraction, or a 
negative rational number. 

(1) Let n be a positive integer and y = u*. Then by the 
binomial theorem 

y + Ay = Au)^ 

= IV* + Au -f {AuY + • • • . 

Consequently, 

Ay — nu”-^ Au ****”* (Aw)® + 
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As Aa: approaches zero, Aw approaches zero. Hence in the 
limit 

dy - ,du 

-r- = -r -, 

dx obi 


which proves the formula in case n is a positive integer. 
(2) Let n be a positive fraction^and 


Then 


y = 


y^ = uK 


Since p and q are both positive integers, we can apply the 
formula just proved in (1) and so obtain 




Solving for ^ we get 


Since y = we have 


dy _ pu*~^ <1^ 

dx q j/«“^ * ' 


?(4-l) 


Hence 


ll«-l z= = w «. 


— Or - fbUl ^ • 

dx q dx dx 


(3) Let n be a negative rational number —m. Then 


y = u* = w~** = —. 
w w?“ 
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Since m is positive, we can find the derivative of m** by (2). 
Therefore, by V 



-1 


dx 


u” 


mw 




du 

dx 


^ ,du „ idw 

j- = -j-, 

cte dx 


U‘ 


,2m 


Therefore whether n is an integer or fraction, positive or 
negative, 



= nu”~^ 


dx' 


Example 1. y = 4:3^. 

Using formulas III and VI, 

|=44m=4(3.«).12x>. 


Example 2. y — x^ — Zx^-\-Qx-\-7. 
Differentiating term by term, 

= 4a^ — 6a; + 6. 

Example 3. y = Va: + . 

Va; 

This can be written 

y — x^ x~K 

Consequently, by II and VI, 


Z dx '^dx^^ 
= i a:-i — I x“* 

_^ 

2 y/x 2 Va;® ’ 
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Exanvple 4. y = (x + a) (x^ — b). 

It is assumed that a and b are constant. Using lY with 
u = x +a, v = 3^ — b, 

= (x + a) (2 X - 0) + (a:* - 6) (1 + 0) 

= 3 a;® 4- 2 CKC — b. 

Example 5. y = ^_p- -. 

Using V, with u = x^ — 1, v = o? + 1, 

dv (^ + i)|c^-i)-(^-i)^(^ + i) 

dx ( 0 ^ + 1)2 

_ (a:2 + 1) 2 a; - (a? - 1) 2 a: _ 4 x 

(a^ + 1)2 (X2 _j_ 1)2 • 

Example 6. y = Va? — 1. 

Using VI, with m = x2 — 1, 


ax 

1 . 2 / = 
2 . 2 / = 

3. 2/ = 

4. ^ = 

d? 2^ = 

■4 V = 


10. y = 

H. 2/ ” 

12. 2/ ■= 


EXERCISES 

in each of the following exercises: 

3 a;* — 2 a: + 3. 6. j/ = (x — 2 a) (o® — a^). 

a:^ - 4 a:® + 6 a:® - 6. 6. 2 / = VJ (2 x - 1). 

i (x^+ 3 a^* - 6). 7. 2/ = *(3 » - 1)*. 

2Vxs + 

(x + 1) (3x-2)»(2x + 3)». 

- 1 ^ Va® - IE® 

■ 1 - X*’ 9* --S-• 

2x - 1 

2x + 3‘ 

3 X — 1 


i(^ 3 / = X Vo® — 1^. 

tiB. 2, = 


(X - !)»• 


X + Vo® + X® 

V1 + 2X-X®. -46. y = . 
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17. y = .. 

V aa:^ + bx + c* 

18. y = x(4a^~5) V2a^ - 1. 

20. Find the slope of the curve 

X 

^ “ Vx<^+9 

at the point a: = 4. 

21. Find the slope of the curve 

y = x{d^ + 31 )* 

at the point a: = 1. 

22. Find the points on the curve 

y = (a? — 1)® (x + 2)® 

where the tangent is parallel to the a;-axis. 

23. Find the angle between the ai-axis and the tangent to the curve 

y = X Vl — a^ 

at the origin. 


21. Higher Derivatives. — The fibrst derivative $ is a 

ax 

function of x. Its derivative with respect to x, v/ritten ^ 

dx^ 

IS called the second derivative of y with respect to x, or deriv¬ 
ative of the second order. That is, 

^ 

dx^ dx\dx/’ 

Similarly, the third derivative, or derivative of the third 
order, is 


da? d^\db?p 


etc. 


For example, if 


y-A 
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we find 

6 X, 

6 , 

0 . 

All higher derivatives are zero. 

The second derivative 

dx^ 

and the square of the first derivative 

W 

dx) 

should be carefully distinguished. Inspection of the values 
in the above example will show that these are not in general 
equal. The notation 

d^ 

daf 

indicates that in the process of forming the nth derivative y 
is introduced in the numerator only once, whereas x is in¬ 
troduced in the denominator (through division by Ax) as 
many times as differentiation is performed. 

22. Differentiation of Implicit Functions. — If x and y 
satisfy an algebraic equation, this can sometimes be solved 
for y and the derivative then obtained. It may however be 
simpler to differentiate the equation term by term and solve 
the resulting equation for the derivative. 

Suppose, for example, 

X? + xy + y^ = 1. 


dx 

dx^ 

dx? 

da? 


(22a) 
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Differentiating with respect to x, 


whence 


2^ + x|+!, + 2j,g=0, 


^ = 2 a: + y 

dx X + 2y' 


(22b) 


To get the second derivative, we differentiate again with 
respect to x and so obtain 

dfv + + + + 

dx^ (a; + 2 yy 

{x + 2yy 

Replacing^ by its value from (22b) and reducing, 

d^y _ _ 6 (x^ -j- xy if) 
dx^ (a: + 2 y)^ 

Since x and y satisfy (22a), this can be further reduced to 
the form 

6 

dx^ (a; + 2 yY' 

By differentiating this again with respect to x we could find 
the third derivative, etc. 


EXERCISES 


Find ^ and ^ in each, of the following > 


1. y = X -. 

X 


2. y ■= 


x-1 


" x + V 

8. y = x^i,x+2)\ 


y^ = ax. 

6^ x? + 1^ = aK 

6. a:* - y* = 1. 

7. xy = X + y. 

SJi a^ — 2 a:y = 1. 
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9. X® — xj/ + = 0. 

10. Given 

a:® + 2/® = 3 xj/, 


find ^ and ^ and sliow that 


dx ^ 
dy 


11. If a, b, c, d are constants and 

y = ox® + bx® + cx + d, 


show that 


d*y 

dx* 


= 0. 


12. Fmd the derivative of 

d®x 




with respect to 

13. Why can we not differentiate the equation 
a;2--4a; + 3 = 0 

term by term and so obtain 2 a; — 4 = 0? 



CHAPTER IV 
RATES 


23. Rate of Change. — If the change in a quantity z is 
proportional to the time in which it occurs, z is said to change 
at a constant rate. If Ag is the change occurring in an in¬ 
terval of time A^, the rate of change of z is 

Az 

At' 


If the rate of change is not constant, it is usually nearly 

constant when the interval At is very short. Then — is 

At 

approximately the rate of change of z, the approximation 
becoming better as the interval decreases. The exact rate 
of change at time t is consequently defined as 


,. Az dz 
hm -77 = -jT; 


(23) 


that is, the rate of change of any quantity is its derivative with 
respect to the time. 

If the quantity z is increasing, its rate of change is positive; 
if decreasing, the rate is negative. , 

24. Velocity Along a Straight Line. — Let a particle P 
move along a straight line (Fig. 24). Let the distance 


"F 

o 


As 


r 

Fia. 24. 


P' 


s = OF be considered positive on one side of 0 and negative 
on the other. If the particle describes the segment PP' = 
As in time At the quantity 

As 
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is called the average velocity in that interval. The velocity 
at P is defined as the limit approached by this average 
velocity as the interval is diminished indefinitely. That is 

velocity - ^ - (24) 

When s is (algebraically) increasing the velocity is posi¬ 
tive; when decreasing, the velocity is negative. The alge¬ 
braic sign of the velocity thus merely indicates whether or 
not the motion is in the direction which has been taken as 
positive for s. 

The numerical value of the velocity (without the algebraic 
sign) is called speed. Thus speed is the rate of change of 
distance traveled without regard to direction of motion. 

26. Acceleration Along a Strai^t Line. — The accelera¬ 
tion of a particle moving along a straight line is defined as 
the rate of change of its velocity. That is 

acceleration ~ ^ ^ ~ ^ • (25) 


■ The acceleration is positive when the velocity is (alge¬ 
braically) increasing; negative, when it is decreasing. 

Example. At the end of t seconds the vertical height of a 
ball thrown upward is 

h = loot-16 t\ 


Find its velocity and acceleration. Also find when it is 
rising, when falling, and when it reaches the highest point. 
The velocity and acceleration are 

y = ^ = (100 - 32 t) ft./sec. 

a = ^ = —32 ft./sec.® 

The ball will be rising while v is positive, that is, until 


100 ^ 
32 ' 


3 |. 
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It will be falling after t — SJ. It will be at the highest point 
when t = 3^. 

26. Angular Velocity and Acceleration. — Consider a 
body rotating about a fixed axis. Let 6 be the angle turned 

through at time t. The angular 
velocity of the body is defined as 
the rate of change of 6. That is 

_ ^0 

X. angular velocity = <o = j-. (26a) 

Fig. 26. 



The angular acceleration of the body is defined as the rate 
of change of its angular velocity. That is 


angular acceleration = 


da> _ d^d 


(26b) 


In work that involves differentiation, angles are usually 
measured in radians. 

Example. A wheel, starting from rest under the action of 
a constant torque about its axis, will turn in t seconds through 
an angle 

6 — kf, 


k being constant. Find its angular velocity and acceleration. 
By definition 


0 ) 

a 


dt 


2 kt rad./sec. 


^ = 2k rad./sec.^ 


27. Related Rates. — In many cases the rates of change 
of certain variables are known an'd the rates of others are to 
be calculated. This is done by writing the equations con¬ 
necting the variables and differentiating these with respect 
to the -time. The resulting equations will contain both the 
known and the unknown rates. When values are sub¬ 
stituted for the known rates, if the problem is determinate, 
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there will be equations enough to solve for the unknown 
ones. 

Example 1. The radius of a cylinder is increasing 2 ft./sec. 
and its altitude decreasing 3 ft./sec. Find the rate of change 
of its volume. 

Let r be the radius and h the altitude. Then the volume is 


V = m^h. 


The rate of change of volume is 


di 


.dh . ^ ,dr 

Trr -jr + 2 Trh 37. 

di dt 


By hypothesis, 


Hence 


— — ^ — 
dt ’ dt 


= -3. 


^ = 4 irrh — 3 irr®. 
dt 

This is the rate of increase when the radius is r and the alti¬ 
tude h. If r = 10 ft., A = 6 ft., 

^ = — 60 T ft./sec. ! 

Example 2. A ship B sailing 
south 16 miles per hour is north¬ 
west of a ship A sailing east 10 
miles per hour. At what rate ^ 
are the ships approaching? 

Let X and y be the distances 
of the ships A and B from the 
point where their paths cross. 

The distance between the ships is then 




\ 




X 


A 

Ekj. 27. 


s = -h 1 /®. 
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The rate of change of s is the rate at which the ships are 
approaching or separating. By differentiation we find 




ds _ 

dx , dy 



dt ~ 


By hypothesis 



II 

10, 

il 

-16, 


X 


y 




Therefore 


ds _ 

10 - 16 _ 



dt ~~ 

V2 




V2‘ 


= -3 V2 mi./hr. 


The negative sign shows that s is decreasing, that is, the 
sh^ are approaching. 


£) X£)jR.OIS£ S 

1. A jDall thrown upward reaches the height 

^ - 20 + 80 i » 16 

at the end of t seconds. Find its velocity and acceleration when i = 2. 
How long does it continue to rise? What is the highest point reached? 

2. A particle moves along a straight line the distance 

s J _ 16 ^ 

in t seconds. Find its acceleration at the point where its velocity 
becomes zero. 

3. A particle moves along a straight line according to the law 

s = - 6- 6 < + 20. 

During what interval does its velocity decrease? Does its speed 
decrease during that interval? 

4. If the distance a particle moves in t seconds is 



show that it must start with infinite acceleration. 
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6. A body, starting from rest, has the velocity 

= 8 VI" 

when it has fallen h ft. By differentiating with respect to the time 
show that its acceleration is 32 ft./sec. 

6. A wheel is turning 100 revolutions per minute. What is its 
angular velocity? If the wheel is 4 ft. in diameter, with what speed 
does it drive a belt? 

7. Twopulleys, diameters 2 and 4 ft., are connected by a belt. What 
IS the ratio of their angular velocities and which is greater? 

8. A wheel of radius r rolls along a line. If s is the distance moved 
by the center and d the angle turned through at time t, show that 

s — rd 

If V is the velocity and a the acceleration of the center, a? the angular 
velocity and a the angular acceleration about its axis, show that 

V ro), a = ra, 

9. A wheel of radius r rolls down an inclined plane, its center moving 
the distance s = 5 in t seconds. Fmd the angular acceleration of the 
wheel about its axis. 

10. A stone dropped mto a pond sends out a series of concentric 
ripples. If the radius r of the outer ripple increases steadily at the rate 
of V ft./sec., find the rate at which the area of disturbed water is in¬ 
creasing 

11. At a certain instant the altitude of a cone is 3 ft. and the radius 
of its base is 2 ft If the altitude is increasing 1 ft./sec. and the radius 
of base decreasing 0.5 ft./sec., find the rate of change of volume. 

12. A kite is 300 ft. high and there are 500 ft. of cord out. Assuming 
the cord to stretch in a straight Ime, if the kite moves horizontally at 
the rate of 5 miles per hour directly away from the person flymg it, 
how fast is the cord being paid out? 

13. The top of a ladder 20 ft. long slides down a vertical wall. Fmd 
the ratio of the speeds of the top and bottom when the ladder makes 
an angle of 60® with the ground. 

14. The cross section of a trough 6 ft long is an equilateral triangle. 
If water flows in at the rate of 2 cu. ft./sec., find the rate at which the 
depth is increasing when the water is 18 inches deep. 

Water flows from a conical funnel at a rate proportional to the 
square root of the depth h* Show that the rate of change of depth is 

^ — A 

(tt 


where A is constant. 
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16. A man 6 ft. tall walks at the rate of 5 ft./sec. away from a lamp 
15 ft. above the ground. When he is 20 ft. from the lamp post find 
the rate at which the end of his shadow is moving and the rate at 
which his shadow is growing. 

17. A particle moves along the parabola 

^ = 2px 

in such a way that its projection on the j/-axis has a constant velocity. 
Show that its projection on the a:-axis moves with constant acceleration. 

\18.' At a certain time a ship A is 20 miles east of a ship B. If A sails 
north 8 miles per hour and B south 12 miles per hour, how fast are they 
separating 2 hours later? 

19. Two straight railway tracks intersect at an angle of 60° On 
one a train is 8 miles from the junction and moving toward it at the 
rate of 40 miles per hour. On the other a tram is 12 miles from the 
junction and moving from it at the rate of 20 miles per hour. Find the 
rate at which the trains are approachmg or separating. 

20. The rays of the sun make an angle of 30° with the ground. A 
ball drops from a height of 64 ft. Assuming that it falls 

s = 16 *2 ft. 

in t seconds, find the speed of its shadow on the ground just before 
it strikes. 

21. The side of an equilateral triangle is increasing at the rate of 
10 ft. per minute and its area at the rate of 100 sq. ft. per mmute. 
Find the side of the triangle. 



CHAPTER V 
MAXIMA AND MINIMA 


28. General Theory. — A function f(x) is said to have a 
maximum at a; = a if when x = a the function is greater than 
for any other value of a; in the immediate neighborhood of a. 
It has a minimum if when x = a the function is less tha.Ti for 
any other value of x sufficiently near a. 

If we represent the function by y and plot the curve 

y = fix) 

a maximum occurs at the top, a mi n im um at the bottom of 
a wave. Thus, in Fig. 28a, the fimction has a maximum at 
A and a minimum at B. It should be noted that a maxi¬ 
mum is not necessarily the greatest value and a Tninimimn 
not necessarily the least value of the function. 



If the derivative is continuous, as in Fig. 28a, the tangent 
is horizontal at the highest and lowest points of a wave and 
the slope is zero. Hence in determining maxima and minima 
of a function fix), we first look for values of x such that 
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Represent the derivative of /(») by fix). 
just written is then 


fix) = 0. 


The equation 


If a is a root of this equation, /(a) may be a maximum value 
of fix), a minimum, or neither. 

If the slope is positive on the left of the point and negative 
on "the right, as at A, the curve falls on both sides and the 
ordinate has a maximum value at that point. That is, 
fix) has a mctximum value ai x = a if fix) is 'positive for 
values of X a litUe less and negative for values a little greater 
than a. 

If the slope is negative on the left and positive on the right, 
as at B, the curve rises on both sides and the ordinate has a 
•minimnm value at the point. That is, fix) has a mini'mwm 
value at X = aif fix) is negaiive for values of x a little less and 
positive for values a little greater than a. 

H the slope has the same sign on both sides, as at C, the 
curve rises on one side and falls on the other and the ordinate 
is neither a maximum nor a minimum. That is, fix) has 
neither a maximum nor a minimum at x = a if fix) has the 
same sign on both sides of x = a. 

Example 1. The sum of two numbers is 5. Find the 
maximum value of their product. 



Fig. 28b. 


Let one of the numbers be x. The other 
is then 5 — x. The value of a: is to be found 
such that the product 

y = xi5 — x) = 5 x — x^ 
is a maximum. The derivative is 



5 5 

This is zero when = 2 ' ^ ^ 2 ’ derivative 

is positive. If x is greater than ^»the derivative is negative. 
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5 

Near ^ = 2 graph then has the shape shown in Fig. 28b. 

g 

At X = 2 the function then has its maximum value 

V = x(S~z) -|(5-|) =f . 

Example 2. Find the shape of a quart can, open at the 
top, which requires for its construction the least amoimt of 
tin. 

Let the radius of the base be r and the depth h. The area 
of the base is Tfi and that of the side wall 2 rrh. Hence the 
area of tin used is 

A = + 2 rrh. 

Let V be the number of cubic inches in a quart. Then 

V — n^h. 



Since ir and v are constants 



This is zero when ur® = v, that is, when 



If a amflllfir value than this is substituted for r, ^r® will 
dA 

be less than v and will be negative. If a larger value is 
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substituted for r, ttt® will be greater than v and positive. 

Hence the solution obtained is a rninimuni. Another method 
of showing this is to observe that since the amount of tin 
cannot be zero there must be a least amount. For this least 
value the derivative must be zero (see exceptions in Art. 
30), The derivative is zero for only one value of r. This 

value of r must then give the mini¬ 
mum. 

Combining the equation 

Trr® = V, 

which determines the minimum, 
with the equation 

V = rr%, 

Fig. 28d see that r = h. The can re¬ 

quiring the least amount of tin 
thus has a radius equal to its depth. 

Example 3. The strength of a rectangular beam is pro¬ 
portional to the product of its width by the square of its 
depth. Find the strongest beam of rectangular section that 
can be cut from a log 24 inches in diameter. 

In Fig. 28d is shown a section of the log and beam. Let 
X be the breadth and y the depth of the beam. Then 

+ = 24?. 

The strength of the beam is 

s — kxy^ — kx(24? — a?). 

Hence 

§ = i(24« - 3 I»). 



This is zero if 


X = iSVs. 
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Since z is tlie breadth of the beam it cannot be negative. 
Hence 

z = bVz 

is the only solution. By testing the signs of the derivative 
we can show that this determines a maximum value of s. 
Or, we can say that, since the beam cannot be infinitely 
strong, there must be a strongest beam. Since no other 
value can give either a maximum or a minimum z == SVS 
must be the width of that strongest beam. From the equation 

z^ if = 24® 

the corresponding depth is foxmd to be 

y = 

29. Second Derivative Test. — Let f"{z) be the second 
derivative of/(a:). Then 

Consequently, when f'(z) is positive fiz) increases as z 
increases and when f"(x) is negative f(z) decreases as z in¬ 
creases. 

Suppose 

fia) = 0. 

If /"(a) is positive, f{z) in¬ 
creases through zero as x in¬ 
creases through a. Hence 
f{z) must be negative for 
values of X a little less than a 
and positive for values a little greater than a. The function 
then has a minimum value at x = a. 

If /'(a) = 0 and /"(a) is negative, /'(x) decreases through 
zero as x increases through o. Hence /'(x) must be positive 
for values of x a little less than a and negative for values a 
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little greater than a. The function then has a maximum at 
X = a. 

Therefore, if f(a) = 0 and f'(a) > 0, the function f(x) has 
a minimum value at x — a. If f'(a) = 0 and f”{a) < 0, the 
function f{x) has a maximum at x = a. 

This test fails when f"(a) is zero or 
discontinuous at a; = a. In other cases 
it may be used instead of the test in 
Art. 28 if desired. 

Example. Find the dimensions of the 
largest right circular cylinder that can 
be inscribed in a given right circular 
cone. 

Let r be the radius and h the alti- 
Fig. 29b tude of the cone, x the radius and y 
the altitude of the inscribed cylinder. 
From the similar triangles DEC and ABC (Fig. 29b), 

DE _AB 
EC BC* 



that is, 





This is zero when a; = 0 or x — %r. The value a; = 0 
obviously does not give the maximum. Hence 

a? = I r 
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is the only value to try. The second derivative of w is 


dh) _ irh 
dx^ r 


(2 r — 6 z). 


Substituting a: = | r, we find 


dx^ 


— 2 Trk 


Since the first derivative is zero and the second derivative 
negative, the value of x found determines a maximum volume. 

30. Method of Finding Maxima and Minima. — The 
method used in solving these problems involves the follow¬ 
ing steps: 

(1) Decide what is to be a maximum or minimum. Let 
it be y. 

(2) Express y in terms of a single variable. Let it be x. 

It may be convenient to express y temporarily in terms of 

several variable quantities. If the problem can be solved 
by our present methods, there will be relations enough to 
eliminate aU but one of these. 

(3) Calculate ~ and find for what values of a: it is zero. 


(4) It is usually easy to decide from the problem itself 
whether the corresponding values of y are maxima or minima. 

If not determine the signs of ^ when a: is a little less and a 

little greater than the values in question and apply the 
criteria of Art. 28, or find the second derivative and apply 
the criteria of Art. 29. 


EXERCISES 


Find the maximum and minimum values of the following functions: 


1. x^~ix + 6. 

2. 2 a:» + 3 - 12 a:. 



4. 



42 


CALCULUS 


Chap. V. 


Show that the following functions have no maxima or minima: 

6. 3 ? - 1 . 7. a:» - 6 + 12 a: + 4. 

6. a:» + 3a!. 8. x-Va? + xK 

9. Show that x has a maximum and a min im um but that the 

X 

maximum is less than the minimum 

10. Show that the largest rectangle with a given perimeter is a 
square. 

11. Show that the largest rectangle that can be inscribed in a given 
circle is a square. 

12. Find the altitude of the largest right circular cylmder that can 
be inscribed in a sphere of radius a. 

13. Find the dimensions of the largest right circular cone inscribed 
m a sphere of radius a. 

14. A rectangular box with square base and open at the top is to be 
made from a given amount of material. If no allowance is made for 
thickness of material or waste in construction, what are the dimensions 
of the largest box that can be made? 

16. A cylindrical tin can closed at both ends is to have a given 
capacity. Show that the amount of tin required will be a minimum 
when the height equals the diameter 

16. The top, bottom, and lateral surface of a closed tin can are to 
be cut from rectangles of tin, the scraps being a total loss. Find the 
most economical proportions for a can of given capacity 

17. A box is to be made out of a piece of cardboard, 6 inches square, 
by cutting equal squares from the corners and turning up the sides. 
Find the dimensions of the largest box that can be made in this way. 

18. Find the volume of the largest right cone that can be generated 
by rotating a right triangle of hypotenuse 2 ft. about one of its sides. 

19. Among all circular sectors with a given perimeter, find the one 
which has the greatest area. 

20. If the sum of the length and girth of a package must not exceed 
72 inches, find the dimensions of the largest package of rectangular 
cross section. 

21- The same distance was measured 4 times, the results being ai, 
02 , Os, 04 . By the theory of least squares the most probable value for 
the correct distance is that which makes the sum of the squares of the 
four errors a minimum. What is that value? 

22. The sides of a trough of triangular section are planks 12 inches 
wide. Find the width at the top if the trough has maximum capacity. 

23. A gutter of rectangular section is to be made by bending into 
shape a rectangular strip of copper. Show that the capacity of the 
gutter will be greatest if its wid^ is twice its depth. 
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24. A gutter of trapezoidal section is made by joining three fiat 
strips each 4 mches wide, the middle one bemg horizontal and the other 
two inclined at the same angle. How wide should the gutter be at the 
top to have maximum capacity? 

26. A circular filter paper of radius 3 inches is to be folded into a 
conical filter. Find the radius of the base of the filter if it has maxi¬ 
mum capacity. 

26. A window has the form of a rectangle surmounted by a semi¬ 
circle. If the perimeter is 40 ft., find the dimensions so that the greatest 
amount of light may be admitted. 

27. What are the most economical dimensions of an open cylindrical 
water tank if the cost of the sides per square foot is two-thirds that of 
the bottom? 

28. If the top and bottom margms of a printed page are each of 
width a, the side margins of width 6, and the text covers an area c, 
what should be the dimensions of the page to use the least paper? 

29. To reduce the friction of a liquid agamst the walls of a channel, 
the channel should be so designed that the area of wetted surface is as 
small as possible. Show that the best form for an open rectangular 
channel of given area is that m which the width equals twice the 
depth. 

30. Find the dimensions of the best trapezoidal channel of given area 
if the banks make an angle d with the vertical. 

31. Find the least area of canvas that can be used to make a conical 
tent of 1000 cu. ft. capacity. 

32. Find the maximum capacity of a conical tent made from 1000 
sq. ft. of canvas 

33. Find the dimensions of the smallest right cone that can contain 
a sphere of radius a. 

34. Assuming that the intensity of light is inversely proportional 
to the square of the distance from the source, find the pomt on the line 
joinmg two sources, one of which is twice as intense as the other, at 
which the illumination is a mimmum. 

35. A ship B is 75 miles due east of a ship A. li B sails west 12 
miles per hour and A south 9 miles per hour, find when the ships wiU 
be closest together. 

36. A man on one side of a river 1 mile wide wishes to reach a point 
on the opposite side 5 miles further up the river. If he can walk 4 
miles per hour and row 2 miles, find the route he should take to make 
the trip in least time. 

37. A fence 6 ft. high runs parallel to and 5 ft. from a wall. Find 
the shortest ladder that wiH reach from the ground over the fence to 
the wall. 
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38. A log has the form of a frustum of a cone 30 ft. long, the diam¬ 
eters of its ends being 2 ft. and 1 ft. A beam of square section is to be 
cut from the log. Find its length if the volume of the beam is a maxi¬ 
mum. 

39. A and C are points on the same side of a plane mirror. A ray 
of light passes from A to C by way of a point B on the mirror. Show 
that the length of the path will be least when the lines AB, BC make 
equal angles with the perpendicular to the mirror. 

40. Let the velocity of light in air be vi and in water vz. The path 
of a ray of light from a point A in the air to a point C below the surface 
of the water is bent at B where it enters the water. If di and dz are the 
angles which AB and BC make with the perpendicular to the surface, 
show that the time required for light to pass from A to C will be least 
if S is so placed that 

sin _ n 
sm dz vz ‘ 

41. The cost per hour of propelling a steamer is proportional to the 
cube of her speed through the water. Find the speed at which a boat 
should be run against a current of 5 miles per hour to make a given trip 
at least cost. 

42. If the cost per hour for fuel required to run a steamer is propor¬ 
tional to the cube of her speed and is $20 per hour for a speed of 10 
knots, and if the other expenses amount to $100 per hour, find the most 
economical speed in still water. 

31. Other Types of Maxima and Minima. — The method 
given in Art. 28 is sufficient to determine maxima and minima 
if the function and its derivative are one-valued and con¬ 
tinuous. In Figs. 31a and 31b are shown some types of 
maxima and minima which do not satisfy these conditions. 

At B and C, Fig. 31a, the tangent is vertical and the 
derivative infinite. At D the slope on the left is different 
from that on the right. The derivative is discontinuous. 
At A and E the curve ends. This happens in problems 
where values beyond a certain range are impossible. Ac¬ 
cording to our definition, y has maxima at A, 5, D and 
minima at C, E, although the derivative is not zero at any 
of these points. 

If more than one value of the function corresponds to a 
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single value of the variable, points like A and B, Fig. 31b, 
may occur. At such points, two values of y coincide. 

These diagrams show that in determining maxima and 
minima special attention must be given to places where the 



derivative is discontinuous, the function ceases to exist, or 
two values of the function coincide. 

Example 1. Find the maximum and minimum ordinates 
on the curve y® = x^. 



In this case, y = x^ and 


dx 


= 1 ari. 


No finite value of x makes the derivative zero, but x = 0 
makes it infinite. Since y is never negative, the value 0 is 
a minimum (Fig. 31c). 
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Example 2. A man on one side of a river | mile wide 
wishes to reach a point on the opposite side 2 miles down the 
river. If he can row 6 miles per hour and walk 4, find the 
route he should take to make the trip in least time. 



Let A, Fig. 31d, be the starting point and B the destina¬ 
tion. Suppose he rows to C, x miles down the river. The 
total time is then 


t = i +H2 - x). 



Equating the derivative to zero we get 

_-1. 

which reduces to 

5 a? -b f * 0. 
There.is no real solution. 
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The trouble is that 


1 (2 - I) 

is the time of walking only if (7 is above B. If 0 is below B, 
the time is 

i ix - 2). 

The complete value of t is then 

t = ± i (2 - x), 

the sign being + if a;<2 and - if x>2. The graph of the 
equation connecting x and t is shown in Fig. 31e. At x =.2 
the derivative is discontinuous. Since he rows faster 
he walks, the minimum obviously occurs when he rows all 
the way. That is, x = 2. 

EXERCISES 

1. Find the maximum and minimum values of y on the curve 

2/3 = x^{x — 1 ). 

2. Find the point on the parabola 

= 4 a; + 4 

nearest the origin. 

3. Find the point on the circle 

+y^ I 

at greatest distance from (1, 0). 

4. A wire of length L is cut into two pieces, one of which is bent to 
form a circle, the other a square. Find the lengths of the two pieces 
when the sum of the areas of the square and circle is greatest. 



CHAPTER VI 


DIFFERENTIATION OF TRANSCENDENTAL 
FUNCTIONS 


32. Circular Measure of an Angle. — In work that 
requires calculus angles are generaUy expressed in circular 
measure. Let AOB (Fig. 32) be a given angle. Describe 



a circular arc AB = s of radius 
r and center at the vertex of the 
angle. The circular measure of 
the angle is defined as the ratio 


arc _ s \ 
rad r 7 


(32a) 


If the radius and angle are given 


the arc length is determined by the equation 


s = rd. 


(32b) 


The angle with circular measure unity is called a radian. 
An angle of circular measure d is then an angle of 6 radians. 

33. The Sine of a Small Angle. — Inspection of a table of 
natural sines will show that the sine of a small angle is very 
nearly equal to the circular measure of the angle. Thus 

sin 1° = 0.017452, 

tL = 0.017453. 



( 33 ) 
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To show this graphically, let d = AOP (Fig. 33). Draw 
PM perpendicular to OA and continue this line to Q. The 
circular noieasure of the angle is 



Fig. 33. 


As 6 approaches zero, the arc QP 

approaches zero and the ratio of the arc and chord approaches 
unity (Art. 56). Therefore 

lim^ = 1. (33) 

fi ->0 P 


34. Formulas for Differentiating Trigonometric Functions, 
- Let u be the circular measure of an angle. 

,ttt ^ 

Vn. T-smu = cos U-T-- 
ax dx 

, d du 

Vm. T-cosu = —sm 

dx dx 

d . , du 

IX. - 3 - tan u = sec^ u -j- • 
dx dx 

xr ^ j. 9 du 

X. - 3 - cot U = —CSC® U-T- . 

dx dx 

xrr d . du 

XI. ^ sec u = sec u tan u 3 -. 

dx dx 

„„ d . du 

xn. T-CSC U = —CSC U cot U- 3 -. 
dx dx 


The negative sign occurs in the derivatives of all co-functions. 
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36. Proof of Vn, the Derivative of the Sine. — Let 

2 / = sin w. 

Then 

y Ay = sin (m + Aw) 

and so 

Ay = sin (w + Aw) — sin w. 

It is shown in trigonometry that 

sin A — sin 5 = 2 cos ^ (A + 5) sin f (A. — B). 
If then A = w + Aw, B = u, 

Ay = 2 cos (w + § Aw) sin f Aw, 

whence 

Ay n , , 1 . , sin I Aw 

3^=2oosC« + iA«)—^ 

, , 1 . , sin i Aw Aw 

= 0O8(» + iA«)-^.-. 

As Aw approaches zero 

sin ^ Aw _ sin 9 
i Aw ~ ’6 


approaches unity and cos (w + f Aw) approaches cos w. 
Therefore in the limit 


dy du 

^ = COB w^, 

dx dz 


36. Proof of Vm, the Derivative of the Cosine. — By 
trigonometry 
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Using the formula for the derivative of a sine we then 
have 

Aoos« = 

du 

= —sm u-^. 
dx 


37. Proof of IX, X, XI, and Xn. — Differentiating both 
sides of the equation 


tan u = 


sin u 

COSM 


and using the formulas just proved for the derivatives of 
sin u and cos u, 


T-tan u 
ax 


d . . d 

cos M^-sm u — sm it t- cos u 
dx _ dx 

cos^ u 


cos® u + sin® udu , du 

-5- T- = sec® U-j-. 

cos® u dx dx 


By differentiating both sides of the equations 

, cos u 1 1 

cot u = -, sec u =-, CSC u = — - 

sm u cos u sm M 


and using the formulas for the derivatives of sin and cos u 
we obtain formulas X, XI, XII. 

Example 1. y = Z cos 2 x. 

Using formula VIII, 

^ = —3 sin 2 a;^(2 ic) = — 6 sin 2 «. 
dx dx 

Example 2. y — sin® (a^ + 3). 

Since 


sin® (ic® + 3) = [sin (a^ + 3)]®, 
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we first use the formula for differentiating v? and so get 

^ = 2 sin (a:* + 3) ^sin (x^ + 3) 

J 

= 2 sin (a:® + 3) cos (a:® + 3) ^ (a^ + 3) 

= 4 a; sin (a:* + 3) cos {x^ + 3). 

Example 3. y = h sec* x — sec^ x. 

Differentiating and reducing, we find 

^ = 2 sec* X ‘ sec X tan a; — 2 sec a: • sec a; tan x 
ax 

~ 2 sec* X tan x (sec* a: — 1) 

= 2 sec* X tan x • tan* x 
= 2 sec* X tan* x. 


EXERCISES 

Find ^ in each of the following exercises: 


1. ^ = 4 sin 3 a;. 

2 . 


o ^ 

= 2 cos ^. 


5. 

6 . 

7. 


y=^-i8in2aj. 

2 / = sm 5 a: — ^ sin* 6 x. 


8 . 


y = sec* X 

y 


,a: „ X 

= cos*g — 3 cos 


3. 2 / = 2 sin* ^. 

y = i cos* X. 

9, y = tan 2 x + \ tan* 2 x. 

10 . y = I sec® a: — f sec* x + sec x, 

11 . y = \ cot® a: — J cot* x + cot a: + a:. 

12 . y = tan* a; — 3 tan* x. 

13. 2/ = a:(i cos* x — cos a:) + i sin* a: + | sin x. 

14. 2/ “ I cos a;(i sin® a; + ^ sm® a? + f sin a;) — * 3 ?^ a;. 


tan® a?. 


16. y - 


1 + sin I 

7 ~x * 

l-sin^ 


16. y 


sec X + tan x , 
sec X — tan x 


17. If 2 / = cos na; + J? sin nx, where A, B, n are constants, show 
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18. Find the constant A such that ^ = A sin 2 a: satisfies the eqxiation 

§ + = 3sin2a:. 

19. Find A and B such that y ^ A sin 3 a? + B cos 3 x satisfies the 
equation 

g + 4| + 3j,.10c«3«. 

20. Find the angle at which the curve 

2 / = J sin 3 a; 

crosses the a:-axis. 

21. Find the maxunum height of the curve 

2 / = 3 cos a; + 4 sin a? 


above the a;-axis. 

22. A weight supported by a spring hangs at rest at the origin. If 
the weight is lifted the distance a and let fall, its height at any subse¬ 
quent time t will be 

2 / “ a cos ktj 

k being constant. Find its velocity and acceleration as it passes the 
origin. Where is the velocity greatest? Where is the acceleration 
greatest? 

23. A point P moves with constant speed aroimd a circle of radius 
a and center 0 Show that its projection M on a fixed diameter of the 
circle has an acceleration proportional to OM. 

24. A revolvmg light 5 miles from a straight shore line makes two 
complete revolutions per minute. Find the velocity along the shore 
of the beam of light at the instant when it makes an angle of 60® with 
the shore line. 

26. At a certain instant the sides of a right triangle are AS == 3, 
BC - 4, AC = 5. If AB is constant and the angle BAC increasing 
1*^ per second, find the rate of increase of the area at that instant. 

^ 26. Given that two sides and the included angle of a triangle have 
at a certain instant the values 6 ft, 10 ft., and 30® respectively, andjihat 
these quantities are changing at the rates of 2 ft., —3 ft., and 10® per 
second, how fast is the area of the triangle then changing? 

27. OA is a crank revolving with angular velocity « about 0. AB 
is a connecting rod attached to a piston B which moves along a fixed 
line through 0. Show that the speed of B is co • OC, where C ^ the 
point m which the line BA intersects the line through 0 perpendicular 
to OB. 



54 


CALCULUS 


Chap. VI. 


28. A triangle has two equal sides of length a. Find the angle 
between these sides if the area is a maximum. 

29. An alley 8 ft. wide runs perpendicular to a street 27 ft. wide. 
What is the longest beam that can be moved horizontally along the 
street into the alley? 

30. A needle rests with one end in a smooth hemispherical bowl. 
The needle will sink to a position in which its center is as low as possible. 
If the length of the needle equals the diameter of the bowl, what will 
be the position of equihbrium? 

31. A rope with a ring at one end is looped over two pegs in a hori¬ 
zontal line and held taut by a weight fastened to the free end. If the 
rope slips freely, the weight will descend as far as possible. Find the 
angle formed at the bottom of the loop. 

32. Find the angle at the bottom of the loop in the preceding prob¬ 
lem if the rope is looped over a circular pulley instead of the two pegs. 

33. A gutter is made by bendmg into shape a strip of copper so that 
the cross section is an arc of a circle. If the width of the strip is a, 
find the radius of the circle when the carrying capacity is greatest 

34. The lower corner of a page is folded over so as just to reach the 
inner edge. If the width of the page is 6 inches, find the minimum 
length of crease 

36. A vertical telegraph pole at a bend in the line is supported from 
tipping over by a stay 40 ft. long fastened to the pole £|,nd to a stake in 
the ground. How far from the pole should the stake be driven to make 
the tension in the stay as small as possible*** The moment of the tension 
(Art. 103) about the foot of the pole will be constant. 

38. Inverse Trigonometric Functions. — The symbol 
sin”"^ X is used to represent the angle whose sine is x. Thus 

y = sin""^ x^ a; = sin y 

are equivalent equations.- Similar definitions apply to 
cos"^ Xj tan“^ x, cot""^ x, sec”^ x, and csc“^ x. 

Since supplementary angles and those differing by 2 tt 
have the same sine, an infinite number of angles are repre¬ 
sented by the same symbol sin""^ x. The algebraic sign of 
the derivative depends on the angle differentiated. In the 
formulas given below it is assumed that sin*"^ u and csc“^ u 
are angles in the first or fourth quadrant, cos~^ u and sec“^ u 
angles in the first or second quadrant. If angles in other 
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quadrants are differentiated, the opposite sign must be used. 
The formulas for tan“^ u and cot“^ u are valid in all quad¬ 
rants. 

39. Formulas for Differentiating Inverse Trigonometric 
Functions. — 


xm. 


XIV. 


XV. 


XVI. 


xvn. 


^ • 1 

• 3 -sm~^ u = 
dx 


1 du 

Vl - u^dx' 


d . 

3- C0S“1 U = 

dx 


1 du 
Vl - u^dx' 


— tan-i u = 

d * 1 

3-C0t~^ U — 

dx 


•T- sec~^ u = 
dx 


1 du 
1 + u^dx' 

1 du 
1 + u^dx' 
1 du 
uy/vT^dx' 


xvm. 



1 du 
uy/tf^dx' 


40. Proof of the Formulas. — Let 


Then 


y = sia~^ u. 


sin y = w. 


Differentiating with respect to x, 


whence 


dy du 
^ ^ dx~ dx’ 


dy _ 1 du 

dx~ cosy dx' 


If ^ is an an^e in the first or fourth quadrants, cos y is pod- 
tive and 

cos y — Vl — sin^ y = Vl — u?, 
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hence 


dy 1 du _ 1 du 

dx cos ydx~ Vl — dx' 


The other formulas may be proved in a similar way. 


Example, y = sec“^ 


By formula XVII 


iix + 






2 

0:^ + 1 


EXERCISES 

Find^in each of the following exercises: 
1* y = sin-^ (3 a: — 1). 6. 

2. 2/ = cos-1 0^ 

8. 2/ — tan-i i x. „ 


o. 2/ — tan-i t X. 

4t, y — cot-1 i 

10* y = a sin-1 £ ^ Va2 _ 
ct 

11. y = Vx^ — a? — a sec-^ -. 

a 

in 2 a; , , - a; 

+ 2* 

13. y = X cos-1 2a; — iVl—4si 

14. y = X sin-1 x + Vl — a:*. 

,_ •>/ _ 

16. 2/ = ‘V^a:® — 4 — 2 tan-i-^ 

a® 1 .a; 

16. 2/ “- 5 - csc-i - - 

^ a a 

IV X , 4 sin a; 

17. y = tan-i 5 —r"=-. 

3 + 6 cos a; 


6. 2 / “ sec-i V 4 a; + 1. 

6. J, = |csc-i^^^|:3. 


„ . .X ~ a 

1. y = tan-i —;— . 

X -T Q» 

B. y — csc-i (sec x). 
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18. y = i tan-^ tan 

IQ 4, __2 2 aa; + 5 

Viac-l^^ V4ac - b® 

20. 2/ =• sec— ^ + sin— 1 ^ | 

X ~ 1 ‘ X + \ 

21. If s is the arc from the a:-axis to the point (x, y) on the circle 
a;2 + 2/2 — a\ show that 


s — a COS” 



ds _ a 
dx~~ y* 


22. If A is the area bounded by the circle + y^ ^ a®, the y-axis 
and the vertical through (a:, y) show that 

A 15 1 ^ dA g. 

A ^ xy + a? sin”i -, ^ = 2 ?/. 

a ^ dx ^ 


23. A tablet 7 ft. high is placed on a wall with its base 9 ft. above the 
level of an observer’s eye. How far from the wall should the observer 
stand that the angle of vision subtended by the tablet may be a maxi¬ 
mum? 

24. The end of a string wound on a pulley of radius a moves with 
velocity V along a line perpendicular to the axis of the pulley. If the 
string is kept taut, find the angular velocity with which the pulley 
turns when the end of the string is at distance x from the center of the 
pulley. 


41, Exponential and Logarithmic Functions. — If a is a 
positive constant, a“ is called an exponential function. If 
w is a fraction, it is understood that a" is the positive root* 

If ^ = a“, then u is called the logarithm of y to base a* 
That is, 

y = u = \ogay 

are by definition equivalent equations* Elimination of u 
gives the important identity 

= y. (41) 

This expresses symbolically that the logarithm of y is the 
power to which the base must be raised to equal yt, 
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42. Definition of e. — In proving the formula for the 
derivative of a logarithm we shall find it necessary to deter¬ 
mine the limit approached by the expression 


(1 + hf 

when h approaches zero. 

From the binomial theorem we have 


{\ + hY = I+nh + 


n(n — 1) 
2 ! 




+ n , (n-^(^ , -2) ^,+ 


In algebra this is proved only when n is a positive integer. 
We shall see later (Chap. XIX) that the same formula is 
valid for negative and fractional values of n provided is in 
numerical value less than 1. If then we take 


1 


we have 


(1 + ^)* = 


3! 


¥ + 


+ ~^(l~h)il-2h) + 


When h approaches zero, this approaches the limit 
e = 1 + 1+i4-|j+ •••= 2.7183 
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approximately. Hence 

I 

lim (1 + hy = e. (42) 

h —^0 

Logarithms to base e are called natural logarithms. In 
this book we shall represent these by the symbol In. Thus 
In u means the natural logarithm of u, or logarithm to base e. 

43. Derivatives of Exponential and Logarithmic Func¬ 
tions. — 



44. Proof of XIX and XX, the Derivative of a Logarithm.— 
Let 

' 2/ = logo u, 

where w is a function of x. Then 


y + Ay = logo (u + Au) 


and so 

Ay = logo(tt + Au) — logoM 


Dividing by Arc, 



u 



u 


h. 
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As Aa: approaches zero, Au approaches zero and so h ap¬ 
proaches zero. Hence, by (42), 


lo&,(l + ^ ^ io^(]H^) 

Au h 

u 


= iogo(i + hy 


approaches loga e. Therefore (44a) gives in the limit 


dy , Idu 
dx udx’ 


(44b) 


proving formula XIX. 

Equation (44b) is valid for any value of the positive con¬ 
stant a. In particular, if a = e 


and 


loga c = loga e = 1 

^ = —] — 
dx dx^^ udx 


which is formula XX. 

46. Proof of XXI and XXH, the Derivative of an Ex¬ 
ponential. — Let 


y = a“. 

Taking natural logarithms of both sides, 

In 2 / = w In a. 

Differentiating by formula XX, 

Idy , du 
ydx~ ^ dx* 


whence 
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This proves formula XXI. In particular, if o — e, 
In o = In e = 1 


and (45a) becomes 


dy d 


,du 


— ssr _ pu ^ fM 

dx dx dx 

which is formula XXII. 

Example 1. y = In sec® x. 

By formula XX, 

^ 2 

dy dx 2 sec x (sec x tan x) _ . 

=--— =-i—-- L = 2 tan X. 

dx sec® X sec® x 


Example 2. y = a^ 

””7 .' W AJLA \JU 7 

oo; oo; 


dy . _i , d , , In a 

-A = fltan * In a_tan“^ x = ^ . 


EXERCISES 

dn 

Find each of the following exercises; 


1. j/ = In (3 a:* + 6 a: + 1). 

2. 2 / = In (a:® — 4 X + 4). 

3. 2 / = In tan x. 

4. y = xhxx — X. 

e , X — 1 

, 0 . 2 / = hi 


11 . 

12 . 

13. 

14. 

15. 

16. 
17. 


h r. 


X + 1' 

f) 2/ = logio (x^ - 2 x)/ 

T. y = la (sec x + tan x). 

8. y =: la (x + Vx^ — a^), 

9. 2 / = Idl sin. a; + i co s^ a;. 

10. ^ ~ In (V'rc+3+Va;+2). 

20 . y = (x^ -2x + 2 ) 6 * 

21. y = i e*(sin 2 a; 2 cos 2 a;). 

22. y — i[x --la(4^ + e*)]. _ 

23. 3 / = a; sec“^ a? — In (a: + Vx^ — 1). 

24. 2 / = a; tan“^| — In (a;^ + 4). 


0.- 


2 ^ = I In tan | x. 
y = 1 («* + e-*). 

2/ = X® + 2*. 

ss ajC -|- gX. 

2/ = a:^*. 

y =a ^sinX. 

y = (3 X + 1) e-*». 

X 
2* 

€* — 6“* 


18. y = 56 ®* - ie®*. 


e* -|- g—X * 
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26. y = i tan* x — i tan® a: — In cos x. 

27. 2/ = ^ jjcos a® + In tan ^J . 

28. 2 / s In (In ax). 

29. y 2 [sm (In a:) — cos (In *)]. 

'so. y =|(2a;® + 5) VSTl + tln(a; + 

31. Find the slope of the catenary 

2/=|C“ + rO 


at the point x — a. 

32. Find the points on the curve ^ = e* sin x where the tangent is 
parallel to the a;-axis. 

33. Find the maximum value of the function 

34. Jiy — + Ber-^ where A, B, and n are constants, show that 


dx^ 


- 


0 . 


36. If 2 / = zer^^f where s is a function of x, show that 


dx^ 


+ 6^ + 9y = 


da:®’ 


86. If a particle moves along a straight line the distance 
a = 

in time show that its acceleration is proportional to s. 

37. If a particle falls the distance 

— ~) 

in time t, show that its velocity v and acceleration a satisfy the equation 


a » fir - 


g 



CHAPTER VII 
DIFFERENTIALS 


46. In&utesimals. — A variable approaching zero as 
limit is called an infinitesiTnal. Such for example are the 
increments Ax and Ay in the hmit process by which the 

derivative^is determined. 

In case several infiboitesimals are functions of a sin^e one 
considered as independent variable, that one is called the 
principal infinitesimal. In most applications of calculus the 
increment of the independent variable is taken as principal 
infinitesimal and other infinitesimals are considered as ftmc- 
tions of it. 

Two numbers are ordinarily considered approximately 
equal when their difference is small. In case of numbers 
approaching zero that method of comparison is not satis¬ 
factory since it makes all such numbers approximately equal. 
Consequently small numbers are compared by ratio and not 
by difference, two such numbers being considered approxi¬ 
mately equal when their ratio is approximately unity. 

Two infinitesimals a and /3, which are functions of the 
same principal infinitesimal, are said to be of the same order 
if the ratio 

a 

J 

approaches a limit finite and different from zero when the 
principal infinitesimal approaches zero. If 


a is said to be of higher order than /3 and if this ratio 
becomes infinite a is of lower order than 

63 
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Thiis, if Aa; is infinitesimal and y = J{x) is a continuous 
function, Ly approaches zero when Aa: approaches zero and 
so Ly is also infinitesimal. At a point where the derivative 
has a definite value 


different from zero, Ay and Az are infinitesimals of the same 
order. At a point where 


dz 


= 0 , 


Ay is of higher order than Aa; and at a point where 

Ay 

Az 


becomes infinite. Ay is of lower order than Aa:. 

If a is the principal infinitesimal, an infinitesimal of the 
same order as a is said to be of the first order and an infinitesi¬ 
mal of the same order as a* is said to be of the nth order. 
Thus, if Aa: is the principal infinitesimal, (Az)^ is one of the 
second order, (Aa:)® of the third order, etc. 

Example. If ce is the principal infinitesimal, show that 
sin® a is an infinitesimal of the second order. 

Since 


lim 

a—>0 


sin®ce 

0 ? 



= 1 , 


sin® O' is an infinitesimal of the same order as a®, that is, 
of the second order. 

47. Approximate Value of the Increment of a Function. — 
Let y = fix) be a function which for each value of z con¬ 
sidered has a finite derivative 
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When X receives an increment hx, an increment hy is deter¬ 
mined. When Ax approaches zero, we shall now show that 
Ay becomes approximately equal to 

f{x) Ax, 


the error being an infinitesimal of higher order than Ax. 

To show this let e be the difference of Ay and f'(x) Ax. 
That is, let 

Ay = f(x) Ax + €. 

Then 


Ax 


= fix) + 


6 

Ax' 


When Ax approaches zero, by the definition of derivative 

Ax 


approaches /'(x) and so 


Ax 

approaches zero. Hence e is an infinitesimal of higher order 
than Ax. 

If then we take /'(x) Ax as an approximate value for Ay, 
by making Ax sufficiently small, we can make the error as 
small as we please in comparison with Ax. 

Example. Find the approximate change in y = x? when 
X changes from 2 to 2.1 and from 2 to 2.01, comparing the 
error with Ax in each case. 

The derivative is 

/(.)-!= 2 .. 

When X changes from 2 to 2.1, the approximate change in 
yia 


f'(x) Ax = 2 X A® = 2 (2) (0.1) = 0.40. 
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The esaot value is 

Ly = (2.1)* - 2* = 0.41. 

Hence the error in the above approximation is 

.01 = iV A®. 

Similarly, when x changes from 2 to 2.01, the approximate 
increment is 

fix) Acc = 2 (2) (.01) = .04 
and the exact increment is 

^y = (2.01)2 - 2* = .0401. 

The error in this case is 

.0001 ~ T’iir As;. 


As A® decreases the error in the approximation becomes a 
smaller and smaller fraction of Ac. 

48. Differential of a Function of a Single Independent 
Variable. — If a: is the independent variable and 

y^fix), 

the quantity f(x) Ax (which for small values of Aa; we have 
just shown to be approximately equal to Ay) is called the 
difermtial of y and represented by the symbol dy. That is, 

dy = fix) Ax. (48a) 

In particular, if fix) - x, this equation becomes 

dx = Ax. (48b) 

That is, the differential of the independent variable ie equal to 
its increment and the differential of any function is egucd to the 
product of its derivative and the increment of the independent 
varidble. 
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Substituting da; for Aa; in (48a), we have 


whence 


dy = f'{x) dx, 



m. 


(48c) 


That is, the quoUent dy divided by dx is equal to the derivative 
of y with respect to x. 

In the preceding chapters we have considered the symbol 

dx 


as merely a notation for the derivative. If a; is the independ¬ 
ent variable we have just seen that the derivative may be 
regarded as a fraction with numerator dy and denominator 
dx. We shall now show that (48c) is satisfied whether x is 
the independent variable or not. Hence the derivative of y 
with respect to x is equal to the ratio of dy to dx whenever 
dx is not zero. 

To show this let t be the independent variable and y = 

X = <t>{t), y = rj/(t). 

By the definition of differentials, 

dx = M, dy = ^'(t) M, 

where <j>'{t) and i/'(t) are the derivatives of 4>{t) and ^(0 with 
respect to t. When t receives the increment At, let the cor¬ 
responding mcrements in x and yhe Ax and Ay. Then from 
algebra 

Ay _ Ay Ax 
'M~ Ax' At' 


Assuming that ^'(0, f'(x), are aU finite and definite, 
when At approaches zero this equation gives in the limit 

m = m 4>'it). 
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Multipl 3 dng both sides by Ai, we then have 
rp'it) At — f'(x) ■ At 


or 

dy = f'(x) dx 

which was to be proved. 

Example. If i is the independent variable and 

X - y = f + t, 

determine the derivative of y with respect to x and by direct 
comparison show that it is equal to the ratio of dy to dx. 
Eliminating t, we get 

y = x^ + xK 


From this the derivative of y with respect to x is found to be 

I a:^ 4- i 


which becomes 



when x* is replaced by its value t. 

Since t is the independent variable, by direct definition of 
differentials, 


dx — 2t At, dy = (3 + 1) At, 

whence the ratio of dy to dx is 

dy + 1 _Z 1 
dx 2t 2^ ^ 2t 


which is identical with the value found above for the deriv¬ 
ative. 
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49. Graphical Representation, of Difierential and Incre¬ 
ment. Let the curve in Fig. 49a represent the graph of the 
equation y = fix). The slope of the curve at Pix, y) is 

fix) = tan iRPT). 



In passing from P to Q the increments of x and y are 
Ax = PR, Ay = RQ. 

If X is taken as independent variable, 
dx = Ax = PR, 

dy = fix) Ax = PR tan iRPT) = RT. 

Thus Ax and Ay are the increments in x and y when we 
move from the point P to a neighboring point Q on the curve, 
whereas dx and dy are the increments when we move from 
P to a point T on the tangent to the curve at P. Since dx 
and dy are the sides of the triangle PRT their ratio is ob¬ 
viously equal to the slope of the tangent at P. 

A point, describing the curve, when passing through P is 
moving in the direction of the tangent PT. The differenticd 
dy is thus the amourd y would change while x is changing the 
amount Ax if the point continued to mooe in the same direction 
ae at P. In general it does not continue in the same direc- 
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tion and so dy and Ay are different. But if the arc is suffi¬ 
ciently short the change in direction is usually small and so 
dy and Ay are nearly equal. In fact, from Art. 47, if there 
is a definite slope at each point. 

Ay — dy - TQ 

is an infinitesimal of higher order than Ax. 

Similarly, if i is the independent variable and s the distance 
a body moves in time t, the equation 

ds = ^dt = V At 
dt 

expresses that ds is the distance the body would move in the time 
At if it continued with the speed it has at the time t. In general 

the speed does not remain constant 
F and so As is different from ds, but 
if the interval is sufficiently short 
the speed is nearly constant and 
these quantities are nearly equal. 

Example. If A is the area of a 
square of side x, represent dA and 
AA on a diagram and show that 
AA — dA is an infinitesimal of 
E higher order than Ax.' 

In Fig. 49b, when x receives the 
increment Ax the increment in tKe 
area consists of three rectangles, 

AA= AC+ CE + CF, 

whereas the differential is 

dA = 2x Ax — AC -|- CE. 

The difference is the comer square 

AA - dA » CF = {AxY 

whose area is an infinitesimal of higher order than Ax. 
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We may think of the area as growing through the motion 
of the lines BC and CD sidewise at constant speed. When 
the side of the square is z, area is being formed along the 
lines BC, CD. To obtain the differential this growth must 
be continued at a constant rate. The lines must then move 
without change of length and so sweep out the rectangles 
AC, CE whose sum consequently represents dA. 


EXERCISES 

1. If a; is infinitesimal, show that sm x and tan z are infinitesimals of 
the same order as x. 

2. If a; IS infinitesimal) show that x — sin a; is an infinitesimal of 
higher order than x. 

3. If 0 IS the principal infinitesimal, by using the tngonometric 
identity 

0 

1 — COS ^ = 2 sin^ 2 > 


show that 1 — cos 6 is an mfinitesimal of the second order. 

4. If X is the principal infinitesimal, show that 

2-x~ 2VT^ 

IS an infinitesimal of the second order. 

5. lly = and Ax is sufiiciently small, show that 

Ay — 4c x^ Ax 

approximately. Express the error as a fraction of Ax when 

a: = 1, Aa; = 0.1 

and when 

a; = 1, Aa; = 0.01. 

6. If 2 / = sin 0 and Ad (expressed in radians) is sufficiently small, 
show that 

Ay = cos 6 Ad 

approximately. Express the error as a fraction of Ad when 

d = 10°, Ad = 1° 


and when 


d = 10°, 


Ad = 1'. 
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7. Show that 

tan 46° — tan 45° = ^ 

approximately. Express the error as a fraction of 1° in radians. 

8. If X is the independent variable and 

y = Va;® + 9, 

find dy and Ay when x changes from 4 to 4.01 and express the difference 

Ay - dy 

as a fraction of Ax. 

9. If ^ is the independent variable and 

y = cos ^ 

find dy and Ay when 6 changes from 45° to 46° and express the difference 
Ay — dy as a fraction of AS. 

10. If y = a:^, aj = and t is the independent variable, find dx and 
dy in terms of t and At and show that they satisfy the equation 

dy = 2 a; dx. 

11. If t is the independent variable and 

X = Vi" - ^ 2 , y ^ Vl + t\ 

find dy and dx and show that the derivative of y with respect to x is 
equal to their ratio. 

12. If 0 IS the independent variable and 

X =* cos B, y = sin 0 

find dx and dy and show that the derivative of y with respect to x is 
equal to their ratio. 

13. If V is the volume of a cube of side x (independent variable), 
make a diagram showing dv and Av and from this prove that Av — dv is 
an infinitesimal of higher order than Ax. 

14. If A is the area of a circle of radius r (independent variable) show 
that dA is equal to the area of a rectangle of width Ar and length equal 
to the circumference of the circle. 

16. If V is the volume, S the area of surface, and r the radius of a 
sphere, show that 

dv ^ 8 dr. 

16. If V is the volume, h the altitude, and r the radius of a variable 
cylinder, show that 


dv ^ rr^dh + 2 vrh dr. 
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50. Difierential Formulas. — The differential of a given 
function can be found by the use of formulas very simil a r to 
those we have employed in finding derivatives. 


I. dc = 0. 

n. d{u + u) = du + dv. 
m. d{cu) = c du. 

IV. d(uu) — udv V du. 

IT vdu — udv 

%) - 1? —• 

VI. du” = nu"“^ du. 

Vn. d sin u = cos u du. 

Vm. d cos u = —sin u du. 

IX. d tan u = sec^ u du. 

X. d cot u = —CSC® u du. 

XI. d sec u = sec u tan u du. 
Xn. d CSC u = —CSC u cot u du. 

Xin. d sin-1 u 5- . 

Vl - u® 


XIV. d cos-1 y 


du 

Vl - u®’ 


XV. dtan-iu 

XVI. d cot-1 u 
XVn. d sec-i u 
XVm. d csc-i u 


du 

1 + u®’ 
du 

1 + u®' 
du 

uVu® — i 

_ du 

u V u® — 1 


XIX. d log, u 


log, e du 
u 


XX. dlnu =~. 

XXI. da" = a“ In a du. 
XXn. de“ = c“ du. 



74 


CALCULUS 


Chap. VIL 


In these formulas c, n, a, e are constants and u, v differen¬ 
tiable functions of a single independent variable. These 
formulas are obtained by multiplying both sides of the corre¬ 
sponding derivative formulas by dx. 

Example 1, y — 7 ? — +2. 

By formulas II and VI, 

dy = Za^dx — Qxdx^ (3 — 6 a;) dx. 

Example 2. 7 ? — xy + y^ ~ 1. 

Differentiating term by term, we get 

2 X dx — {xdy -\-y dx) + 2 y dy = 0, 
whence 


dy == 


y — 2x 
2y- 


61. Hi^er Derivatives. — The second derivative 


dx* 


can be regarded as the quotient obtained by dividing a second 
differential 

d?y = d{dy) 

by (dx)*. In that case the value of d*y wiU however depend 
on the variable x with respect to which y is differentiated. 
Thus, suppose 

j/ = X*, X = t®. 

If we consider y as a function of x, 



whence 

d*j/ = 2(dx)* = 2 (3<*dt)* = 18<*d<*. 

K, however, we consider y as a function of t, 

y ^ 7? = P 
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^ = 30C, 

whence 

d?y = 


which is not equal to the value obtained before. 

For this reason we shall not consider the second derivative 
as a fraction with numerator d^y and denominator da^. Two 
derivatives, such as 

da^’ d^ ' 

must not be combined like fractions since may not have 
the same value in the two cases. 

Since 

dx^ 

is the first derivative with respect to x of the function^ 
it is, however, correct to write it in the form 



and so consider it as a fraction with numerator equal to the 

differential of ^ and denominator dx. 
dx 

In a aimilar manner we can express the nth derivative as a 
fraction of the form 

Jd^^\ 
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Example 1. Given 



find 


dx^’ 


In this case 




rif 

_ _ ^ - 1 

,dt + 1 
dt+j 


Consequently 





4:tdt 

_ (L+ilL 


1 


+ 1 )® 


Example 2. If y is a function of x and x a function of t, 
express 

dx^ 


in terms of derivatives with respect to i. 
By algebra 


dy 

dy_^ 
dx dx 
dt 


Hence 

d^y _ \dx} _ dt\dx} ^ dt dt^ dt df 
da? dx dx /dx\* 
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EXERCISES 

Find the differentials of each of the following functions: 

1. tan 6 — 0. 6. In 

2. Va;® — o* — a sec-i r • 


6. tan-^-. 

X 

7. (x + y)eP-y. 

8 . 


3. ^ -^-xy — 2/®. 

4. Va? + j/*. 

Find ^ and ^ in each of the following exercises: 
9. X = a cos 2/ = 6 sin i. 

10 . X = i (e* + er*), y = \ {fit — f-t), 

11. X = o cos® 6,y —h sin® 6. 

12. X = sec 9, y = tan 6. 

13. X = CSC 5 + cot 2/ = CSC ^ — cot 6. 

14. X = e< cos f, 2/ = e* sin i. 




16. Given a; = § + ^, 2 / == § find ~ and 


dy 


.dr 


16. Given as — r cos d^y = r sin 0, express ^ m terms of ^ - 

17. By differentiatmg both sides of the equation 

^ = JL 

dx dx 
dy 


with respect to a;, express^ in terms of derivatives of x with respect 
to?/. 
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62. Tangent Line and Normal. — Let mi be the slope 
of a given curve at Pi (xi, yi). It is shown in analytic 
geometry that a line 
through (xi, yi) with slope 
mi is represented by the 
equation 

y — yi- miix — xi). 

This equation then rep¬ 
resents the tangent at 
(xi, yi) where the slope of 
the curve is mi. 

The line PiN perpen¬ 
dicular to the tangent at 
its point of contact is 
called the normal to the curve at Pi. Since the slope of the 

tangent is mi, the slope of a perpendicular line is — — and so 



Fig. 62. 


is the equation of the normal at (xi, yi). 

Example 1. Find the equations of the tangent and normal 
to the ellipse a? + 2 y^ = ^ at the point (1,2). 

The slope at any point of the curve is 

^_ X 

dx~ 2 y * 

At (1, 2) the slope is then 

mi = —i. 

The equation of the tangent is 

y-2 ^ ~\{x-l), 
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and the equation of the normal is 

y - 2 = 4 (a: — 1). 


Ex. 2. Find the equation of the tangent to = a? 

at the point (xi, yi). 

iCl 

The slope at (ai, yi) is —. The equation of the tangent 

yi 

is then 

y-yi^^{x-xi) 

Vi 

which reduces to 

Xtx - yiy = Xi^ - yi\ 


Since (a::, yi) is on the curve, Xi^ — y^ = o®. The equation 
of the tangent can therefore be reduced to the form 

xix — yiy = a\ 


63. Angle between Two Curves 



. — By the angle be¬ 
tween two curves at a 
point of intersection we 
mean the angle between 
their tangents at that 
point. 

Let mi and mt be the 
slopes of two curves at 
a point of intersection. 
It is shown in analytic 
geometry that the angle 
S from a line with slope 
mi to one with slope 


mz satisfies the equation 


tan (3 = 


vh —mi ^ 
1 +miiih 


(50) 


This equation thus gives the an^e (3 from a curve with slope 
mi to one with slope vh, the angle being considered positive 
when measured in the counter-clockwise direction. 



80 


CALCULUS 


Chap. VIII. 


Example. Find the angles determined by the line y — x 
and the parabola y — x?. 

Solving the equations simultaneously, we find that the line 
and parabola intersect at 
(1, 1) and (0, 0). The slope « 
of the line is 1. The slope at 
any point of the parabola is 

^-2x. 

dx 


At (1, 1) the slope of the 
parabola is then 2 and the 
angle from the line to the 
parabola is then given by 



Fig. 53b. 


tan Pi — 


2-1 


1 

3’ 


whence 


1 + 2 

Pi = tan-4 = 18° 26'. 

At (0,0) the slope of the parabola is 0 and so the angle 


from the line to the parabola is given by the equation 


whraice 


tan Ps — 


0 - 1 ^ 
1 + 0 


ft = -45°. 


- 1 , 


The negative sign signifies that the angle is measured in the 
clockwise direction from the line to the parabola. 


EXERCISES 

B^d the tangent and normal to each of the foUomng curves at the 
point indicated: 

1. The circle a? + ^ = 5 at (1, —2). 

5. The hyperbola xy — 4 st (2, 2). 

3. The parabola ^ = oi at (a, —a). 

4. The exponential curve y = db* at a: = 0. 

6. The sine curve y = isin2a:at® = ^. 

8. The dlipse^ + p = 1 at (xi, yi). 
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7. The hyperbola - xy - ^ 2 x (2, 0). 

8. The semicubical parabola at (“1, 1). 

9. Find the equation of the normal to the cycloid 

X a ~ sin y ^ a{l — cos 

at the point where <t> = <f>u Show that it passes through the point 
where the rolling circle touches the x-axis. 

Find the angles at which the following pairs of curves intersect: 

10. 2/® — 2 X, x^ = 2 ?/. 

11. x2 + 2/2 = 4, x2 + 2/2 - 4 X = 4. 

12. x2 + 2/® - 2 X = 3, 2 /^ = 4 x. 

13. 2/ “ sin X, 2/ = cos x. 

14. 2/ " hi X, 2/ = a? — 1. 

15. 2/ = sin 2 X, 2/ = sm x. 

16. Show that for all values of the constants a and b the curves 

x^ — 2 /® = a% xy = 6* 

intersect at right angles. 

17. Show that the curves 

y =i qOX^ y ss gflO? gJn 

are tangent at each point of intersection. 

18. Show that the part of the tangent to the hyperbola xy ^ 
included between the coordinate axes is bisected at the pomt of tangency. 

19. Let the normal to the parabola ^ ax B.i P cut the x-axis at N. 
Show that the projection of PN on the x-axis has a constant length. 

20. The focus of the parabola y^ — ^ ax is the point F(a, 0). Show 
that the tangent at any point P on the parabola makes equal angles 
with FP and the line though P parallel to the x-axis. 

21. Let P be any point on the catenary 

M the projection of P on the x-axis, and iV the projection of M on the 
tangent at P. Show that MiV is constant in length. 

22. Show that the angle between the tangent at any point P and the 
line joining P to the origin is the same at all points of the curve 

In (x^ + 'if) — h tan-^^. 

X 

64. Direction of Curvature. — A curve is said to be con¬ 
cave upward at a point P if tbe part of the curve near P lies 
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above the tangent at P. It is concaoe downward at Q if the 
part near Q lies below the tangent at Q. 

At points where^^is positive, the curve is concave upward; 

where^^is negative, the curve 



is concave downward. 
For 

dr? 


— A-(^\ 

dz \dx }■ 


If then ^ is positive, by Art. 


dy 

11, the slope, increases as z increases and decreases as z 

decreases. The curve therefore rises above the tangent on 

both sides of the point. If, however, ^is negative, the 

slope decreases as z increases and increases as z decreases, 
and so the curve falls below the tangent. 

65. Point of Inflection. — A point like A (Fig. 65a), on 
one side of which the curve is concave upward, on the other 



concave downward, is called a point of inflection. It is 
assumed that there is a definite tangent at the point of in¬ 
flection. A point like B is not called a point of inflection. 
Hie second derivative is positive on one side of a point of 
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mflection and negative on the other. Ordinary functions 
change sign only by passing through zero or infinity. Hence 

to find points of inflection we find where ^ is zero or infinite. 

If the second derivative changes sign at such a point, it is a 
point of inflection. If the second derivative has the same 
sign on both sides, it is not a point of inflection. 

Example 1. Examine the curve Z y — x* — 6 for direc¬ 
tion of curvature and points of inflection. 

The second derivative is 

— = 4 (x® — 

This is zero at x = ±1. It is positive and the curve con¬ 
cave upward on the left of x = — 1 and on the right of 
X = +1. It is negative and the curve concave downward 
between x = — 1 and x = +1. The second derivative 
changes sign at A (—1, —|-) and B (+1, —which are 
therefore points of inflection (Fig. 55b). 



Example 2. Examine the cmve y = x*‘ for points of in¬ 
flection. In this case the second derivative is 


d^y 

dx* 


12 X*. 
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This is zero when x is zero but is positive for all other values 
of X . The second derivative does not change sign and there 
is consequently no point of inflection (Fig. 55c). 

Example 3. If a; > 0, show that sin z > a; — . 


y = sin a; — x 

We are to show that y > 0. Differentiation gives 
^ r . — 1 4 -^. = —sin X + X. 


^-cosx-l+^, ^ 


When X is positive, sin x is less than x and so ^ is positive. 

Therefore ^ increases with x. Since ^ is zero when x is 
ax ax 

zero, ^ is then positive when x > 0, and so y increases with 

X. Since y — 0 w’hen x = 0, y is therefore positive when 
X > 0, which was to be proved. 


EXERCISES 

Examine the following curves for direction of curvature and points 
of inflection: 

3x + 2. 5, y = xe-^. 

2. y = 2 X* — 6 X*. 6. y = e 

3. y = x‘4'4x* + 6x*. f 7. — 4 x + 3 0. 

4. y’ = X — 1. . 8. y* = 3 X®. 

Prove the following inequaUties: 

X* 

9. cos X > 1 — ^. 

10. e*>l + x+ j,ifx>0. 

11. xlnx — ^ + i<0, if0<x<l. 

12. lnsecx> 



Chap. VIII. GEOMETRICAL APPLICATIONS 85 

13. According to Van der Waal’s equation, the pressure p and volume 
0 of a gas at constant temperature T are connected by the equation 

^ ~ m(v — b) 

a, h, m, and R being constants. If p is taken as ordinate and v as ab¬ 
scissa, the curve represented by this equation has a point of inflection. 
The value of IT for which the tangent at the point of inflection is hori¬ 
zontal is called the critical temperature. Show that the critical tem¬ 
perature is 

Sam 
~ 27 Rb' 

66. Length of a Plane Curve. — The length of an arc PQ 
of a curve is defined as the limit (if there is a limit) ap¬ 
proached by the length of a broken line with vertices on PQ 
as the number of its sides increases indefinitely, their lengths 
approaching zero. 

We shall now show that if the slope of a curve is continu¬ 
ous the ratio of a chord to the arc it subtends approaches 1 as 
the chord approaches zero. 



In the arc PQ (Fig. 56) inscribe a broken line PABQ. 
Projecting on PQ, we get 

PQ = proj. PA + proj. AB + proj. BQ. 

The projection of a chord, such as AB, is equal to the prod¬ 
uct of its length by the cosine of the angle it makes with PQ. 
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Oe the arc AB is a tangent BS parallel to AB, Let a be the 
largest angle that any tangent on the arc PQ makes with the 
chord PQ. The angle between RS and PQ is not greater 
than a. Consequently, the angle between AB and PQ is not 
greater than a. Therefore 

proj, AB ^ AB cos a. 

Similarly, 

proj. PA ^ PA cos a, 
proj. BQ ^ BQ cos a. 

Adding these equations, we get 

PQ ^ (PA + AB 4- BQ) cos a. 


It is evident that this result can be extended to a broken 
line with any number of sides. As the number of sides in¬ 
creases indefinitely, the expression in parenthesis approaches 
the length of the arc PQ. Therefore 


that is. 


PQ ^ arc PQ cos a, 


chord PQ ^ 
arc PQ ~ 


cos a. 


If the slope of the curve is continuous, the angle a ap¬ 
proaches zero as Q approaches P. Hence cos a approaches 
1 and 

lin, £1. 

ct-^P arc PQ ~ 


Since the chord is always less than the arc, the limit cannot 
be greater than 1. Therefore, finally. 


jj^ohor^_ 

arc PQ 


(56) 


67. Differential of Arc. — Let s be the distance measured 
along a curve from a fixed point A to a variable point P. 
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Then s is a function of the coordinates of F. Let be the 
angle from the positive direction of the s-asds to the tangent 
PT drawn in the direction of increasing s. 

If P moves to a neighboring position Q, the increments in 
X, y, and s are 

Ax = PR, Ay = RQ, As = are PQ. 


From the figure it is seen that 


Ax Ax As 

COS(fiP«)=pg=;^pg, 


sin (RPQ) = 


Ay _ Ay As 
PQ~ AsPQ’ 



As Q approaches P, RPQ approaches 4 > and 


As _ arc PQ 
PQ" chord PQ 


approaches 1. The above equations then give in the limit 


C 08 <l> — 


dx 
ds ^ 



(57a) 


These equations express that dx and dy are the sides of a 
right triangle with hypotenuse ds extending along the tangent 
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(Fig. 57b). All the equations connecting dz, dy, ds, and 4 > can 
be read off this triangle. One of particular importance is 

d^ - dx^ dy\ (57b) 

68. Curvature. — If an arc is everywhere concave toward 
its chord, the amount it is bent can be measured by the angle 
/3 between the tangents at its ends. The ratio 

|8 4 >' - 4 > ^ ^ 

arc PP' As As 

is the average bending per unit length along PP' (Fig. 58a). 
The limit as P' approaches P, 

1- M ^ 
iH) As ds' 


is called the curvature at P. It is greater where the curve 
bends more sharply, less where it is more nearly straight. 



^ = 5+ ^, s = aJB. 


Consequently, 


d^ _ dB 


1 
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that is, ^ curvature of a circle is constant and equal to the 
reciprocal of its radius. 

69. Radius of Curvature. — We have just seen that the 
radius of a circle is the reciprocal of its curvature. The 
radius of curvature of any curve is defined as the reciprocal of 
its curvature, that is, 

dis 

radius of curvature = p = j-r • (69a) 

a<f> 


It is the radius of the circle which has the same curvature as 
the given curve at the given point. 

To express p in terms of x and y we note that 


Consequently 

d<l> = 


Also 




<f> = tan 


dx‘ 


1 j(dy\ da? 

1 . (<M^ W/ ~ , I /W * 

^^\dx) 

ds = Vdx^ + dy^. 


Substituting these values for ds and we get 


p = 



(69b) 


If the radical in the numerator is taken positive, p will have 
dhj 

the same sign as ^ ,that is, the radius will be positive when 

the curve is concave upward. If merely the numerical value 
is wanted, the sign can be omitted. 

By a similar proof we could show that 



d,'!^ 


(59c) 
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Example 1. Find the radius of curvature of the parabola 
j/2=4 a; at the point (4,4). 

At the point (4,4) the derivatives have the values 

_i= _ J- 

dx y 2 ’ dx^ y® 16 ‘ 


Therefore 




-10 V5. 


The negative sign shows that the curve is concave downward. 
The length of the radius is 10 VsT 
Example 2. Find the radius of curvature of the curve 
represented by the polar equation r — a cos 9. 

The expressions for x and y in terms of 9 are 

X — r cos 9 = a cos 9 cos 9 = a co^ 9, 
y = r sin^ — a cos 9 sin 9. 


Consequently, 

dy _ a (cos^ 9 — sin®g) _ a cos 2 9 _ _ 2 

dx ~ —2 a cos 9sm9 ~ —a sin 2 0 ” 

d(^) 

dPy \dx/ _ 2 esc® 2 9d9 _2 , 

da? dx a sin 2 0 dfl a 

_ [1 + cot® 2 9]^ _ _ (esc® 20)^ _ _ ® 

^ - ^2 CSC® 2 0 2 * 

-CSC® 2 0 

a 


The radius is thus constant. The curve is in fact a circle. 

60. Center and Circle of Curvature. — At each point of 
a curve is a circle on the concave side tangent at the point 
with radius equal to the radius of curvature. This circle is 
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called the drde of curvature. Its center is called the cenier 
of curvature. 

Since the circle and curve are tangent at P, 'they have the 
dv 

same slope ^ at P. Since they have the same radius of 



curvature, the second derivatives will also be equal at P. 
The circle of curvature is thus the circle through P such that 

d/u d^u 

^and ^ have the same values for the circle as for the curve 
at P. 


EXERCISES 

1. The length of arc measured from a iSxed point on a certain curve 
is s = xK Find the slope of the curve at a; = 2. 

2. Can X = cos s represent a curve on which « is the length of arc 
measured from a fixed pomt? Can x = tan s represent such a curve? 

3- If s = kxj where k is constant, show that the curve is a straight 
line. 

Find the radius of curvature on each of the following curves at the 
point indicated: 

= 4, at (2, 2). 

6. + xy + 3, at (1, 1). 

6. a ;2 - 2 /' 1 , at (1, 0). 

7. r = a(l + cos ^), at ^ ^. 
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Find an expression for the radius of curvature at any point of each 
of the following curves: 

8 . X - i'f — 

9. 2 ^ In sec x. 



11. X = a(^ — sin ^), y = a{l — cos <t>). 

12. Show that the radius of curvature at a point of inflection is 
infinite. 

13* A string held taut is unwound from a fixed circle. The end of 
the string generates a curve with parametric equations 

X = a cos ^ + a ^ sin ~ a sin ^ — a ^ cos 

a being the radius of the circle and 6 the angle subtended at the center 
by the part unwound. Show that the center of curvature corresponding 
to any point on the path is the point where the string is tangent to the 
circle. 

14. Show that the radius of curvature at any point (x, y) of the 
hypocycloid a;l + yl = of is three times the perpendicular from the 
origin to the tangent at y). 


61. Sine and Cosine of Small Angle, 
proved that 

,. sin X 
lim== = 1. 

X 

Combining this with the equations 


sm a? — a? sm a: 


X 


In Art. 33, we 
(61a) 


1, 


n * 9X 

- 2 sm®K 

1 — cosx 2 . X 

-- ■ = sm^r 

X X 2 


. X 

sm^ 


X 

\ 2 


lim 

X >0 

lim 


sin a; — a; 

X 

1 — coax 

X 


= 0 , 


= 0 


(61b) 

(61c) 


vefind 
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Equations (61b) and (61e) show that if a; is infinitesinaal 
sia X — X and 1 — cos x are infinitesiinals of higher order 
than X. In a fraction with denominator x we can then 
replace sin x by x and cos a: by 1 without chang in g the value 
of the limit. 

62. Derivatives of Arc in Polar Coordinates. — The 
angle from the outward drawn radius to the tangent drawn 
in the direction of increasing s is usually represented by the 
letter 

Let r, 6 be the polar coordinates of P, and r + Ar, 0 + A0 
those of Q (Fig. 62a). Draw QR perpendicular to PR and 
let As = arc PQ. Then 


sm 


(EPO) = (r+Ar)^. 


COS (RPQ) = 


_ PR _ (r + Ar) cos A0 — r 
~ PQ~ PQ 

Ar r (1 — cos A0) 


= COS (A0) ^ - 


= cos (A0) 


PQ 

Ar As 
As'PQ 


A6 A^ 
As PQ 


PQ 

r (1 — cos Ag) M 
Ad As 


As 

PQ' 




As A0 approaches zero, 
sin A0 


lim (RPQ) =f, lim- 


A0 


- ,. 1 —cos Aff - As . 

= -a 5-0.1m^=l. 
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The above equations then give in the limit, 

smrp - , cos ^. (62a) 

These limits could be obtained a little more quickly by 
replacing sin A0 by M and cos Afl by 1 in the expressions 
for sin iRPQ) and cos (RPQ) as suggested in Art. 61. 

Equations (62a) show that dr and r dd are the sides of a 
right triangle with hypotenuse ds and base angle From 
this triangle all the equations connecting dr, dJd, ds, and ^ 
can be obtained. The most important'of these are 

tan ^ ^, ds* = + W. (62b) 


Example. The logarithmic spiral r = ae?. 
In this case, dr = or? dB and so 


tan^^- = 


rdjd 

dr 


= 1 . 


The angle ^ is therefore constant and equal to 45 degrees. 
The equation 


, dr 
cos^ = ^ 


1 

V2 


dv • 

shows that ^ is also constant and so r and s increase propor¬ 
tionally. 


EXERCISES 

Find the angle if’ at the point indicated on each of the following 
curves: 

1- The spiral r =* oS, at = 1 . 

2. The circle r = asinaat 9 = -. 

4 

8 . The straight line r «asec^, at^ = 5 . 

6 
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4. The parabola r(l — cos 0) = A;, at ^ |. 

6. The lemniscate = 2 cos 2 at ^ f x. 

6. Show that the curves r ~ ae^ and r ^ ae~^ are perpendicular at 
each of their points of intersection. 

7* Find the angles at which the curves r = a cos r = § a intersect, 

8. Find the points on the cardioid r = a(l — cos 6) where the tan¬ 
gent is parallel to the initial line. 

9. Let P(r, 6) be a point on the hyperbola sin 2 0 = c. Show that 
the triangle formed by the radius OP, the tangent at P, and the initial 
Ime is isosceles. 

10. Find the slope of the curve r = a sm 2 0 at the point ^ “ g • 



CHAPTER IX 


VELOCITY AND ACCELERATION IN A CURVED 

PATH 


63. Speed of a Particle. — When a particle moves along 
a curve, its speed is the rate of change of distance along the 
path. 

Let a particle P move along the curve AB (Fig. 63). Let s 
be the arc from a fixed point A to P. The speed of the par¬ 
ticle is then 



(63) 




64. Velocity of a Particle. — The velocity of a particle 
at the point P in its path is defined as the vector* PT tangent 
to the path at P, drawn in the direction of motion with length 
equal to the speed at P. To specify the velocity we must 
then give the speed and direction of motion. 

* A -vector is a quantity having length and direction. The direction 
is usually indicated by an arrow. Two vectors are called equal when 
they extend along the s a m e line or along parallel lines and ha-ve the 
fame length and direction. 
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The particle can be considered as moving instantaneoudy 
in the direction of the tangent. The velocity indicates in 
magnitude and direction the displacement it would experience 
in a unit of time if its speed and direction of motion did 
not change. 

66. Components of Velocily. — The 
projection of a vector on a line is called 
its component along that line. If a posi¬ 
tive direction is assigned along the Ime, 
the component is considered positive 
when it extends in that direction and 
negative when it extends in the opposite 
direction. 

To specify a velocity in a plane it is 
customary to give its components along 
the coordinate axes. If PT is the velocity 
at P (Fig. 65a), the x-component is 



■Dr\ T>m ^ ± 


dx 


and the y-component is 


nm • ^ ds . , dsdy dy 


The components are thus the rates of change of the coordinates. 
Since 

PT* = PQ* -I- QT^ 

the speed is expressed m terms of the components by the 
equation 

\dt) \dt) 

Example 1. Negleetmg the resistance of the air, a bullet 
fired with a velocity of 1000 ft. per second at an an^e of 
30° with the horizontal will move a horizontal distance 

X = 600 1 V3 
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and a vertical distance 

i/ = 500 f - 16.1 

in t seconds. Find its velocity and speed at the end of 
10 seconds. 

At time t the components of velocity are 

^ = 500 V3, ^ = 500 - 32.2t. 

dt dt 

When i = 10 these have the values 

I- 500V3, 1=178 

and the speed is then 

^ = V(500 VS)® + (178)® = 884 ft./sec. 
at 

Example 2. The radius OP of a circle rotates about the 
center 0 with constant angular velocity 



Fig. 65b. 


Fiad the velocity of P. 

Using rectangular coordinates with 
the origin at the center of the circle 
(Fig. 65b), the coordinates of P are 


X = rco3 0, y = r sin 0. 

The components of velocity are 

dx • o do . „ 

-rsme^= -r<osm0, 

^ = r cos 0^ = ra cos 0. 

The speed of the point P is 


, //dxV . (dyV 

""Vlsy +[w 
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66. Compositioii of Velocities. — Acceleration is defined 
as the rate of change of velocity. To use this definition it is 
necessary to know what is meant by the difference of two 
velocities. Since velocities have directions as well as magni¬ 
tudes, the mere subtraction of 
magnitudes gives no result of 
particular value. 

Let Vi and Fa be two vec¬ 
tors. If they do not extend 
from a common point, con¬ 
struct two new vectors having 
the same magnitudes and 
directions and extendiog from 
a common point (Fig. 66a). 

Then Fa — Fi is defined as the vector extending from the 
end of Fi to the end of Fa. 

It is clear from the diagram that the projections on the 
a;-axis satisfy the relation 



Fig. 66a 


proj. (Fa — Fi) = proj. Fa — proj. Fi 


and a similar relation holds for any other axis. That is, 
each component of Fa — Fi is equal to the difference of the 

corresponding components of 
Fa and Fi. 

If OT is a number and F a 
vector, the notation wF is 
used to represent a vector 
m times as long as F and 
extending in the same direc¬ 
tion if m is positive, the 
opposite direction if m is negative. It is evident from Fig. 
66b that the components of mV are m times those of F. 

F . 1 

The quotient ~ can be considered as a product — F. Its 
^ m m 

components are obtained by dividing those of F by m. 
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67. Acceleration. — Let a particle moving along a curve 
reach P (x, y) at time t and P' {x + hx, y + Ay) at time 
t -h At. Let V be the velocity at P and 

F = 


the velocity at P'. The acceleration of the particle when 
passing through P is defined as the limit 



Fig. 67a. 


A r 

A = hm— 


dV 
dt • 


In this equation AV is the vector 
equal to the difference of the velo¬ 
cities at P and P' and 


At 


has components equal to those of 
AT' divided by At. 

To find the components of ac¬ 
celeration let 


^ _ TT _ y 

dt dt 


Then the components of V are 

y., Vy, 

and those of Y' are 

Vs + AVs, Vy -I- AVy. 

Hence the components of AT^ = V' — Y are 


AT'., A7;,, 



AVs 
At ’ 


AVy 
At * 
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As M approaches zero these approach the components A*, 
Ay of acceleration. Hence 


— ^ 
■*" dt ~ d? 

_ dVy _ d?y 
^ dt 


(67) 


The components of acceleration with respect to rectangular 
coordinates are thus the second derivatives of the coordinates 
with respect to the time. 

Example 1. A particle describes an ellipse in such a way 
that its coordinates at time t are 


X = a cos kt, y = h sin kt, 


a, b, k being constants. Find its acceleration. 
The components of acceleration are 


dPx 

df 


—a1^ coa kt 


—k^x = —khcosd, 


d^ 


—aJ^ sin kt — —k^ = —fcV sin 6, 


where r, d are the polar coordinates of P (Fig. 67b). These 
are the components of a vector of length kh- directed toward 
the origin along the line OP. The 
acceleration is therefore directed 
toward the origin and at each in¬ 
stant is proportional to the distance 
r of the moving particle from the 
origin. 

Example 2. A particle describes 
the ellipse 

a;* -f 2 = 4 

with constant speed v. Find its velocity and acceleration 
at the instant when it passes through the vertex x = 2, y = 0. 

Differentiating with respect to t, we get 
c^dx,. dy 
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dx _^ ^ 

dt~ X dt‘ 


Substituting this value, we find 



+ 4y®dy 
a? dt 

and so 


dy vx dx _ 

2vy 

dt \/4 y2 ^ dt 

+ 4 y® 

Differentiating again with respect to t, 


. f dx dy\ 

16 v^y 

dt- {x^ + 4 y®)* 

(x^ + 4 y®)2 ’ 


Sv^x 

df® (x2 + 4 y2)^ 

(a;2 + 4y2)2' 


When a: = 2, y = 0, the components of velocity are 


dt 


= 0 , 


dy _ 


dt 


= », 


and the components of acceleration 

^ = _„2 ^ 

dP ’ 


= 0 . 


ElERCISES 

1. At time t the codrdinates of a moving point are 

a; = 3< + 10, y = 2i®-4t 

find its velocity and speed at the time 1 = 2. 

2. A particle describes the curve 

X = e* cos f, y = e* sin 
find its vdocity and speed at time t. 
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8. Two paxticles (xx, yx)^ (x^t y^) move in such a way that 
xi l+2t, yi = 2 - 3 

2:2 = 3 + 2 ^2 = 5 — 4 

Find the two velocities and show that they are always parallel. 

4. A rod of length a slides with its ends in the codrdinate axes. If 
the end in the a;-axis moves with constant speed v, find the velocity and 
speed of its middle point at the instant when the rod makes an angle 
of 30® with the a:-axis, 

6. A particle moves along the parabola y^ ^ i ax with constant 
speed V. Find the components of its velocity at the instant when 
ic = o, y =s 2 a. 

6 . At time t the coordinates of a moving particle are 

x = ait^ + bit + Cl, 
y = a 2 ^ + + C 2 , 

di) iu Cl, a%, & 2 , C 2 being constants. Show that its acceleration is con¬ 
stant. 

7. A particle moves with constant speed around a circle of radius a. 
Find its acceleration. 

8 . A particle describes the hyperbola 

X — I (e^ + y - i 

Show that its acceleration is always directed away from the origin and 
is in magnitude proportional to the distance from the ongin. 

$• A particle moves along the parabola = 2 ay in such a way that 
dx 

-37 is constant. Show that its acceleration is constant. 
at 

10. A particle describes the parabola ax with constant speed 

V. Find its acceleration at the vertex. 

11. When a wheel rolls along a straight Ime a point P on its perim¬ 
eter describes the cycloid with parametric equations 

X = a(<t> — sin <#>), y — o(l — cos <#>), 

a being the radius and <#» the angle through which it has turned. If the 
wheel rotates with constant angular velocity 



find the velocity and acceleration of the point at the instant when it 
passes through its lowest position. 

12. If a string is held taut while it is unwound from a fixed circle 
its end describes the curve 

a;=sacos^ + adsin^, 


y “ a sin ^ cos 
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a being the radius of the circle and B the angle at the center subtended 
by the arc unwound. Show that the end moves at each instant with 
tile velocity it would have if the straight part of the string cud rotated 

with angular velocity ^ about the point where it meets the fixed 

circle (the instantaneous center of rotation). Does the acceleration 
have a similar property? 

13. A particle P(r, B) describes the circle r ^ 2a cos B, the radius 
vector OP rotating with constant angular velocity oj. Find its velocity 
and acceleration and by projecting on OP determine the components 

of velocity and acceleration along that line. Are these equal to ^ and 



14. A piece of mechanism consists of a rod rotating with constant 
angular velocity about one end and a ring shding along the rod with 
constant speed v, (1) If when i = 0 the ring is at the center of rotation, 
find its position, velocity, and acceleration at time t = h, (2) Find 
the velocity and acceleration immediately after i if at that instant 
the rod ceases to rotate but the ring continues to slide with unchanged 
speed along the rod. (3) Find the velocity and acceleration immediately 
after f = if at that instant the ring ceases sliding but the rod con¬ 
tinues rotating. (4) How are these three velocities related? How are 
the three accelerations related? 
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68. Integral. — In many problems the derivative or 
diEferential of a quantity is known and it is necessary to find 
the function of which it is the derivative or differential. 
Thus, if the speed of a moving particle at time < is a known 
function 




the distance traversed in time t is the quantity s which has 
fit) as derivative. To find this distance we must then deter¬ 
mine a function with derivative equal to/(<). 

The process of finding a function with a given differential 
is called integration. If 

dF(x) = f(cc) dx, 

then Fix) is called an integral of /(x) dx and this is expressed 
by the notation 

Fix) — J*fix) dx. 


By differentiation we pass from the fxmction to its differen¬ 
tial. By integration we pass from the differential to the 
function. Integration is thus the inverse of differentiation. 
For example, since d(x*) = 2 x dx. 



2 X dx = a^. 


Similarly 



cos X dx = sin X, 
105 



^dx — fF. 
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The test of integration is to differentiate the answer. If the 
integration is correct, the differential of the answer must 
equal the expression to be integrated. 

It should be noted that we always iategrate a differential 
and not a derivative. There are several reasons for this. 
A very important one is the fact that the differential of 
a quantity is independent of the variable in terms of which 
it is expressed. If the same quantity y can be expressed as 
a function of two different variables, 

y = /i(®), y = fS), 

its differential has equal values whether the one or the other 
of these is used. But the derivatives of y with respect to 
z and t are not in general equal. If integration were defined 
as the process of finding a function with a given derivative, 
there would be a different integral for every variable. 

69. Constant of Integration. — In solving a problem 
having an integral as answer it is necessary to inquire how 
many integrals a given differential has. For, if there are 
several different integrals, we cannot be sure the one we find 
is the answer. 

As a matter of fact each differential has an infinite number 
of integrals but they are related in a rather simple way. If 

dF{z) = f(x) dx, 
and C is any constant, 

d[F(x) + C] = dFiz) = f(x) dx. 

If then F(x) is one integral of a given differential. 

Fix) + C 


is another. 

Conversely, if two amtinuous functions are integrals of the 
same differenUal, their difference is constant. 
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To prove this, suppose Fi{x) and F%{x) are both integrals 
of S{x) dx. Then 

dFi(x) = dFzix) = f(x) dx. 

Let 

y = Ftix) — Fi(x), 

and plot the locus representing y as a, function of x. The 
slope of this locus is 

^ _ dFijx) _ dFijx) _ Q y 

dx dx dx ' 

Since the slope is everywhere zero, 

the locus is a horizontal line. The-j- 

equation of such aline is y = G. _i_ 

Therefore ° ^ 

y = Fi{x) - Fi(x) = C, Pia. 69 

which was to be proved. 

If then F(x) is one continuous integral of a given differen¬ 
tial any other has the form 

Jfix) dx = Fix) + C. 

Any constant value can be assigned to C. It is called an 
arbitrary constant. In the statement of a definite problem 
there is usually some information by which this constant 
can be determined. 

70. Integration Formulas. — Let a, n be constants and 
Uf V, w functions of a single independent variable. 

I. J* du -h dv + dw ~ fdu -f- ^ dv + ^ dw* 
“•/ adu ^ aj* du. 
in. du = if ” is not —1. 

IV. J’lr-idu = = Inu + C. 
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Tbese formulas are proved by showing that the differential 
of the right member is equal to the expression under the 
integral sign. Thus, to prove III, we differentiate the right 
side and so obtain 


d 


/ M«+l 

\5hF1 



(n + 1) u" du 
n + 1 


= u^du. 


Formula I expresses that the integral of an algebraic 
sum of differentials is obtained by integrating them sepa¬ 
rately and adding the results. Integration is thus a dis¬ 
tributive operation (Art. 16). 

Formula II expresses that a constant factor can be trans¬ 
ferred from one side of the symbol J' to the other without 

changing the result. A variable cannot be transferred in this 
way. Thus it is not correct to write 




Example 1. J'a^dx. 


Apply fonnula III, letting u = 
du and 

• 3 . 5+1 


s 


5-H 1 


X and n = 5. 

c = | + c. 


Then dx — 


Example 2. J*S v® dx. 

By formula II we have 

JzVidx = Z Jxi dx + C = 2 xi + C. 

Example 3. — 1) (a; + 2) dx. 

We expand and integrate term by term. 

- 1) (a: + 2) cte = X — 2) dx 

= ^a? + ^x‘-2x + C. 
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Example 4. J'- - ^ dx. 

Dividing by and using negative exponents, we get 



- 2x + l 
x^ 


dx 


I 


(x ^ — 2 X - X dx 


In a: + 2 x~^ — | x~- + C 
In X + ? - + C. 

X Z X- 


Example 5. 


/ 


V2 a: + 1 dx. 


li u = 2 X 1, du = 2 dx. We therefore place a factor 
2 before dx and I outside the integral sign to compensate 
for it. 



X + 1 dx = 


1 J'{2x + 1 )^ 2dx — \ J'u- 

^'|+C = 3-(2x + 1)^ + C'. 


du 


Exam'ple 6. J*— 


X dx 


+ 1 


with = x^ + 1- Then du = 2 x dx and 

/ X dx 1 r2xdx 1 rdu 1, , ^ , /- -H e_ 

iq:i = 2 j SWl = 2 j V = 2 -'“ “ +c + 1 + 


Example 7. ^ __ 

X JL 

By division, we find 


/ 


'4x + 2 


dx. 


4x+2 _ 4 

2x - 1 ^2x - 1' 


Therefore 

-/(" + 2 ^ 1 )'*' - 2=^+ 2 In(2x - 1) +0. 
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EXERCISES 

Find the values of the following integrals: 


9. 


12 . 

13. 


dx. 


V2x/ 


J(3^-4ai‘+2x + l)dx. 

J^Vx +4=^ < 

f(vr. 

J*r(x — 1)* dx. 

6. ^(2 a? — 1)* dx. 

f: 

fi 


3. 


4. 


' 6 . 


7. 


10 . 
“•/ 


y 

iy +1)^ 

f 

dx 

x + V 

dx 


(X + 1)*- 
dx 


V2x + l' 
xdx 
3^+2' 

/ xdx 


f. 


f, 

s 

h 


xdx 


(a^ +a;2)3- 


ajVa^ — 35® dx. 
x^ dx 


14. 

116. 

+x»' 

/l7. Jx^Vl^~^dx. 

-dx. 


18. 


19. 


20 . 


i 

h 


2 ar 4* 1 

+ x + 1' 
2 x + a 


■.dx. 


Vs® + ax + 6 
i>dt 


afi’ 

21. - f»)*d<. 

«• 

“• /(^ +23^) 

“• /(‘ -ly^ 


xdx 

2x* + l’ 


26. 


26. 


x*~^ dx 


S * 


lx + 1^ 
a?' 


71. Rates. — At time t, let the acceleration of a particle 
moving along a straight line be a, the velocity v, and the 
distance traversed a. Then 

do ds 

^~dt* ^~dt’ 

Consequently 

do == a dt, ds = vdi. 
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If the acceleration is a knovm function of the time, integra¬ 
tion of the first equation gives the velocity 


V = 


f 


adt + Cl 


Similarly, if the velocity is a known function of the time, in¬ 
tegration of the second equation gives the distance traversed 


-S' 


vdt -jr Cs. 


More generally, if the rate of change of any quantity z is 
a known function of the time. 


dt 


= /(«), 


the value of z at time t is 

z = J* f(f) dt 4- C. 

If the value z = Zo is known at some particular time t = U, 
by substituting 

z = Zo, t = to 

after integration, the constant C can be determined. 

Example. A body falls from rest under the constant 
acceleration of gravity g. Find its velocity and the distance 
traversed as functions of the time t. 

In this case 




gt + C, 


Hence 
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Since the body starts from rest, v — 0 when f = 0. These 
values of v and t must satisfy the equation v - gt + C. 
Hence 

0 = g-O + C, 

ds 

whence C — 0 and v = gt. Since ® ^ > ds — gtdi and 

s = J* gt dt + C = i gf + C. 

When ^ = 0, s = 0. Consequently, C = 0 and s = \ g&. 
72. Curves with a Given Slope. — If the slope of a curve 
is a given function of x, 

then 

dy = f(x) dx 
and 

y - dx + C 

is the equation of the curve. 

Since the constant can have 
any value, there are an infinite 
number of curves having the given slope. If the cmwe is 
required to pass through a given point P, the value of C can 
be found by substituting the coordinates of P in the equation 
after integration. 

Example 1. Find the curve passing through (1, 2) with 
dope equal to 2 x. 

In this case 
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Hence 


V = 



2xdx 


= “f" 


Since the curve passes through (1, 2), the values a; = 1, 
y = 2 must satisfy the equation, that is 

2 = 1 + C. 


■ Consequently, C = 1 and y = a? ■\-l\a the equation of the 
curve. 

Example 2. On a certain curve 


da? 


X. 


If the curve passes through (—2, 1) and has at that point 
the slope —2, find its equation. 

By integration we get 

At (—2, 1), X = —2 and^ = —2. Hence 

-2 = 2 + C, 

or C = —4. Consequently, 

y = J'(|a:*-4)da; = ix®-4x + C. 

Since the curve passes through (—2,1), 

1 = -I + 8 + C. 

Consequently, C = — 5f, and 

= — 4a; — 5f 

is the equation of the curve. 
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73. Separation of the Variables. — The integration formu¬ 
las contain only one variable. If a dMerential contains two 
or more variables, it must be reduced to a form in which 
each term contains a single variable. If this cannot be done, 
we cannot integrate the differential by our present methods. 

Example 1. Find the curves such that the part of the 
tangent included between the coordinate axes is bisected 
at the point of tangency. 

Let P(x, y) be the point at which AB is tangent to the 
curve. Since P is the middle point of AB, 



OA = 2 y, OB = 2 X. 
The slope of the cmwe at P is 

^ = — 9A = —U 

dx OB x‘ 
This can be written 

* + ^= 0 . 

y X 


Since each term contains a single variable, we can integrate 
and so get 

In y -b In X = (7. 


This is equivalent to 


Hence 


Inxy = C. 
xy — — h. 


C, and consequently k, can have any value. The curves 
are rectangular h 3 rperbolas with the coordinate axes as 
asymptotes. 

Example 2. According to Newton’s law of cooling, 
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where k is constant, a the temperature of the air, and d the 
temperature at the time i of a body cooling in the air. Find 
0 as a function of t. 

Multiplying by dt and dividing by 6 — a, Newton’s 
equation becomes 


Integrating both sides, we get 


Hence 


In (0 — a) = —ht + C. 
$ — a — e~’^ = efe~K 


When i = 0, let 0 = 0o. Then 

00 — a = e^e® = e^, 

and so 

0 — a = (00 — a) e~^ 
is the equation required. 

Example 3. A cylindrical tank full of water has a leak 
at the bottom. Assuming that the water escapes at a rate 
proportional to the depth and that - 3 ^ of it escapes the first 
day, how long will it^ke to half empty? 

Let the radius of the tank be a, its height k and the depth 
of the water after t days x. The volume of the water at any 
time is vd^x and its rate of change 


This is assumed to be proportional to x, that is, 

= fee, 

where k is constant. Separating the variables, 

ire? dx , j, 

- = kdt. 


X 
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Integration ^ves 

ira® hix = kt + C. 

When t — 0 the tank is full and x — h. Hence 

TO® hxh — C. 

Subtracting this from the preceding equation, we get 

TO® Inf = kt. 

n 

When t — l,x — -^h. Consequently, 

TO® In ~ 

When X = \ h, 


t = 


9T ® 

TO® In T 

n 

~ 


ln| 
In -fy 


6.57 days. 


EXERCISES 

1. A body, started vertically downward with a velocity of 30 ft./sec., 
falls under the acceleration of gravity. How far will it fall in t seconds? 

2 . Erom a point 60 ft. above the street a ball is thrown vertically 
upward with a speed of 100 ft./sec. Find its height above the street 
as a function of the time. Also find the highest point reached. 

3. If the speed of a body at time t is 

V = 2t +3^, 

find the distance traversed between t = 2 and t = 5. 

4 . A wheel starting from rest has a constant angular accderation a. 
Find the angle through which it rotates in time t. 

8 . A rotating whed is brought to rest by the action of friction which 
causes a constant native angular acceleration ~k. If the ini t.in.1 
angular velocity is oio find the angle turned through in coming to rest. 

6 . Find the equation of the curve with slope 1 — x pasdng through 
the point (1, 0). 

7. On a certain curve 
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If the curve passes through (-1, 1) and has at that point the slope 2, 
find its equation. 

8. Every tangent to a curve bisects the portion of the ir-axis between 
the origin and the ordinate at its point of contact. If the curve passes 
through the point (2, 4), find its equation. 

9. The portion of the tangent to a curve between the ar-axis and the 
point of tangency is bisected by the 2 ^-axis. If the curve passes through 
the point (1, 2), find its equation. 

10. When bacteria grow in the presence of unlimited food they 
increase at a rate proportional to the number present. Ebspress that 
number as a fimction of the time. 

11. Many chemical transformations occur at a rate proportional to 
the amount x of the substance still untransformed. Show that x « 

What does c represent? 

12. The rate at which water flows from a small opening at the bottom 
of a tank is proportional to the square root of the depth of the water. 
If half the water flows from a cylindrical tank (with vertical axis) in 
5 minutes, find the time required to empty. 
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FORMULAS AND METHODS OF INTEGRATION 


74. Formulas. — The following is a short list of integrar 
tion formulas. In these u is any variable or function of a 
Bin glft variable and du is its differential. The constant is 
omitted but it should be added to each function determined 
by integration. A more extended list of formulas is given in 
the Appendix. 


I. 

t 

f ii» du ~ —TT, if n is not — 1, 
J n + V 

n. 

t 

rdu . 

1 — = In M. 

) u 

m. 

i 

^cos u du = sin u. 

IV. 

a 

y'sin u du — —cos u. 

V. 

t 

y'sec® udu ^ tan u. 

VI. 

% 

j" csc^udu = —cotu. 

vn. 

j' sec u tan udu = sec u. 

vin. 

j'csc u cot udu — —CSC u. 

IX. 

% 

j* tan udu = —In cos u. 

X 

j' cot u du = In sin u. 

XI. 

a. 

j* sec u du = In (sec u + tan u). 

xn. 

C CSC u du = In (esc u — cot u). 
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xm. 


XIV. 

XV. 


XVI. 


xvn. 


xvm. 


/ 

f 

I 

f 

f 

/ 


du 


• -1 ^ 
= sm ^ — 


a a 


Va® — u® 
du _ 
u® + a® 

du - , 

, = -sec“^—. 

1/V ^ ^ 

du 


,u 


du _ _L,i ^ ~ ^ 
u® — a® ~ 2 <r u + a' " 

c“ du = e“. 


Any one of these formulas can be proved by showing that 
the differential of the right member is equal to the expression 
under the integral sign. Thus to show that 


J*sec w du = In (sec u + tan u), 


we note that 

,, / , . ^ (sec u tan u + sec® u) du , 

d In (sec u + tan u) = -r~i-= sec u du. 

^ ' sec u + tan u 

76. Integration by Substitution. — When some function 
of the variable is taken as u, a given differential may assume 
the form of the differential in one of the integration formulas 
or differ from such form only by a constant factor. Inte¬ 
gration accomplished in this way is called integration by 
substitution. 

Each differential is the product of a function of u by du. 
More errors result from failing to pay attention to the du 

* In formulas XIII and XV it is assumed that sin-^ — is an angle in 

a 

the 1st or 4th quadrant, and sec”^—an angle in the Ist or 2nd quadrant. 

Of 

In other cases the algebraic sign of the result must be changed. 
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than from any other one cause. Thus the student may 
carelessly conclude from formula III that the integral of a 
cosine is a sine and so write 

J* cos 2 xdx = sin 2 x. 

If, however, we let 2 a: = u, dx is not du but i du and so 
J* cos 2 xdx = i J* cos udu = f sin u = ^ sin 2 tc. 

Example 1. X cos X dx. 

If we let M = sin a:, dw = cos x dx and 

J* sin* xcosxdx = J*u^ du = lu* + C = ^ sin^a: + C. 

Example 2. f 

We observe that sin i a: da: differs only by a constant 
factor from the differential of 1 + cos | x. Hence we let 

ti = 1 + cos i a:. 

Then du — — ^smixdx, sin J a: da: = ~3 du, 


sinf a:dx 
1 + cos I; 


^.-3/’*>-31n« + C 

I a; J u 

= —3 In (1 cos ^ x) “f” C* 


Example 3. J* (tan x 4- sec a:) sec x dx. 


Expanding we get 


J* (tan X + sec x) sea xdx = J* tan a: sec a: da: + J* sec® xdx 


— sec a: + tana; + C. 
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Example 4. ^ 


Zx^ 

This resembles the integral in formula XIII. Let u—x^% 
a = ■\/2. Then du = \/3 dx and 


/ 


3 dx 


V2-Bx^ 




2 


w 


= V5 sin-1- + c = V3 sin-1 Ejp 
a V2 


C. 


Example 5. J*j 


dt 


iV4t^ -Q’ 

This suggests the integral in formula XV. Let u — 2 t, 
a — Z. Then 


rdt 

r 2 dt 

C du 

/ 9 

f 2tV4^ - 9 

1 

> 


1 _i 1 /V 

= -sec 1- + C 
a a 


1 .2t 

= - seo-i — ■ 


3Sec-‘-3 +C. 


Example 6. J 


X dx 


a:* +1 


This may suggest formula XVI. If, however, we let 
u = X \/2, du = V2 dx, which is not a constant times x dx. 
We should let 

M = 2 a;i + 1. 

Then xdx = \du and 


r xdx _ 1 

rdu If 

/ V2jc® + 1 4J 

'Vtt 4:J 


= § + C = i V2a^>+ 1 + C. 

Example 7. J*e*^ * sec® x dx. 

If u = tan X, by formula XVIII 

j*e^*s&(s^xdx = J^du = ^-{-C = + C. 
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EXERCISES 


Determine the values of the following integrals: 


1. J*(cos 3 a: + sin 2 x) dx. 

2. J*sin^ ^ 

3. J*sec® \e dB. 

4. lcBa\9cot\0dB, 

'• /' 

/ 


COS 6 smddB. 


6 , 

7. 

8 . 
9. 

10- 


/ 


dx 

cos 2 X ' 

dx 
sin^ 2 X * 
* cosxda; 

*8 m xdg 
cos^a; 
cos X da; 


/ cosxda; 

1 + sia X * 

11. J*(csc ^ — cot 0) CSC ^ d0. 
12. sin (x* + 1) dr. 


13. 


dr. 


/ I + sin 2: 
cos^2r 

14. ^(1 + seer)*dr. 

^(cos r — sin r)* 

/■ 

/ 

/' 


16. 

16. 

17. 

18. 


smz 
sin* X cos X dx. 


dx. 


tan* X see* x dx. 

I 

taaxsec*x(2x. 


Id. Jem xcos^xdx. 
csc*xdx 


90. 

SL 


fr 

f 


+ 2 oot X ■ 
dx 


V4 -3!*‘ 


22. 1 

r dx 

AA. J 

' V3 - 4 X* 

“• J 

r 2 tfx 

f 4 r^ + 3 ■ 
r dx 

J 

' xV'2 X* - 3 

“• J 

f dy 

'42^+3- 

r dt 

56. J 

' Vg + 1 
r 2dx 

”■ J 

' r V 4 r* — 9 

58. 1 


J 

< 

1 

59. J 

r ® ^ bt 

1 * "" i"ii tiJu* 

1 V^^fi 

80. J 

^ COS r dr 

* Vl + sm^ X 

Tsin r cos r dr 

J Vl + sm*r 


r cosr dr 

35. J 

1 1 + sm® r ‘ 


r sin ^ dd 

88. J 

«• J 

' V1 — COB d 

f ^ 

1 x(l + la x) • 
r xdx 

86. J 

1 Va< — X* 

86. J 

[*xe-** cix. 

J 

p(eo* _ e-ase)* 

“• J 

r e*»<ix 

1 1 + e**' 

^ e*dx 

1 !+«?»■ 
r d« 

89. J 

"• J 

f - 1 
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76. Integrals Containing ax^ + bx + c. — Integrals con-« 
taining a quadratic expression arc® bz e can often be 
reduced to manageable form by completing the square of 
CKC® + bz. 

Completing the square, we get 

3x® + 6rc + 5 = 3(a:® + 2x + l)+2 = 3(a; + l)2 + 2. 
If then u = (a; + 1) -v/3, 


C dx _ 

r d (a: + 1) JL / 

/3aj^+6a; + 5 ^ 

f3(x+l)® + 2 VzJ 


du 


-f" 2 


■,4,tan-^C^ + l)VS 


Example 2. 


Ve 

2 dx 


V2 


4- C. 


/ 2 dx 

V2-3x^ 


a;® 


The coefficient of rc® being negative, we place the terms a? 
and 3 a: in a parenthesis preceded by a minus sign. Thus 
2 — 3a: — a:® = 2 — (x® + 3x)=-^ — (x + -f)®. 

If then, M = a; + I, we have 


C ^ ^ 2sin-i^-^4- C 

«/.V2 — 3 a: — a:® J — u® fVT? 

Example 3. f - ^ ■ . 

JV4a:® + 4a; + 2 

Since the numerator contains the first power of a;, we 
resolve the integral into two parts. 


/ 


(2a;—1) dx _ 1 p (8a;+4) dx 
V4a^*+4a:+2“4J V4a:®+4a:+2 




dx 


V4a:®+4a:+2' 


In the first integral on the right the numerator is taken equal 
to the differential of 4 a;® + 4 a: + 2. In the second the 
numerator is dx. The outside factors } and —2 are chosen 
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SO that the two sides of the equation are equal. The first 
integral has the form 

1 rdu 1^1 .- 


The second integral is evaluated by completing the square. 
The final result is 


/ 


(2 a; — 1) dx 

V4: 4t X +2 


1 

2 


V4a:® + 4a: + 2 


-ln(2a: + l + V4a:2 + 4a; + 2) + C. 


EXERCISES 


/ ' dx 

a:* + 6 X + 13 * 

_&_ 

Va +4x -4X*‘ 
_ dx_ 

Vsx* + 6x + 2‘ 
_ dx_ 

V'2 + 6x -3x*’ 

_^_ 

(x-lWa? -2x-3‘ 

/ dx 

(2x — l)Vi* — x' 




(x — 1) dx 
X? — 4x + 2‘ 
(2 X - 1) dx 


VSx* - 6x - 1’ 
f* X dx 
X* +2x + 2* 

r cx + 1 ) dx 

(2 X + 1) V 4 x-* + 4 X — 1 
(• (3 X — 3) dx 
(xs-2x+3)r 
f* e*dx 
e** + 2e* +3* 


77. Integrals of Trigonometric Functions. — A power of 
a trigonometric function multiplied by its differential can be 
integrated by formula I. Thus, if m = tan x, 


J* tasi^x -aec^xdx = J* u*du = |tan®x + C. 


Differentials can often be reduced to the above form by 
trigpnometric transformations. This is illustrated by the 
following examples. 
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Example 1. Jsm* X cos® X dx. 

If we take cos x dx as du and use the relation cos® x = 
1 — sin® X, the other factors can be expressed in terms of 
sin X withovi introducing radicals. Thus 

^sin* X cos® xdx= ^sin^ x cos® x- cos xdx 

== J sin^a; (1 — sin®a:) dsin® = -^sin*® — sin® re + C. 

Example 2. J* tan® x sec* x dx. 

If we take sec® xdx as du and use the relation sec® x = 
1 + tan® X, the other factors can be expressed in terms of 
u = tan X without introducing radicals. Thus 


J* tan®a! 


sec* a: da: 


= J* tan® X • sec® x • sec® x dx 

=y*tan® a: (1 + tan® x) d tan x 
= I tan* a: + I tan® x + C. 


Example 3. J* tan® x sec® x dx. 

If we take tan a: see a: da: = d sec x as du, and use the rela¬ 
tion tan® X — sec® a: — 1, the integral takes the form 

J* tan* X sec® xdx = J' tan® x • sec® x • tan a: sec a: da: 

=y* (sec® a; — 1) sec® a: • d sec a; 

= I sec® a: — i sec® x-\-C. 

Example 4. /sin 2 a: cos 3 a: da:. 

This is the product of the sine of one angle and the coane 
of another- This product can be resolved into a sum or 
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difference by the formula 

sin A cos B — i [sin (A + 5) + sin (A — B)]. 


Thus 


sin 2 X cos 3 a: = ^ [sin 5 a: + sin (—a;)] 
= I [sin 5 a: — sin a:] 


Consequently, 

y*Bin2a; cos 3a: da: = iJ *(sin 5x — smx) dx 

= —iV cos 5 a; + i cos a; + C. 

Example 6. x dx. 

If we replace tan® x by sec® a: — 1, the integral becomes 
J*isjAxdx ~J* tan®a: (sec®a; — 1) da: = Jtan^a: — J' tan®a;da:. 

The integral is thus made to depend on a simpler one 
x dx. Similarly, 

J* tan® xdx=J* tan x (sec® x — 1) dx = | tan® x + In cos x. 
Hence finally 

J* tan® X dx = J tan® x — ^ tan® x — In cos x + C. 

78. Even Powers of Sines and Cosines. — Integrals of 
the form 

y'sin* xco^xdx, 


wfaiKre m or n is odd can be evaluated by the methods of 
Art. 77. If both m and n are even, however, those methods 
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fail. In that case we can evaluate the integral by the use 
of the formulas 

. » 1 — cos 2 u 

sin^u --g-, 

, 1 + cos 2 U /nv 

cos2u=—, (11) 

. sin 2 u 

sm u cos u = —g—. 


cos^u =■ 


sm u cos u = ■ 


Example 1 . J* coa*xdx. 

By the above formulas 

J*cos*xdx = J* (cos^xydx = J* dx 

= J* a + i cos 2 X + J cos® 2x)dx 

= J*[i + i cos 2 X + i (1 + cos 4 x)] dx 
= |x + jsm2x + ^sin4x + C. 

Example 2. J*cos^ x sin® x dx. 

J* cos® X sin®x dx ~ J*i 2 x dx = (1 — cos 4 x) dx 

= ¥®“'^sin4x + C. 

79. Trigonometric Substitutions. — If a differential con¬ 
tains Va® — X®, Va® + X®, or Vx® — a®, one should first try 
this radical as a new variable. If that substitution fails, 
the differential can often be integrated by taking x, a, and 
the square root as the three sides of a right trian^e and using 
one of its acute angles as new variable. 

Example 1. Vo®— X® dx. 

Let Vo®— a? = z. Then 

a? = a*—a®, xdx——zdzy 
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whence 


dx = ^x^y/d ?— z? • x dx. 


= -xV (3 + 2 a?) (a2 - x^)i + C. 

Example 2 . J*Va? — z? dx. 

Take a as hypotenuse and x as one side of a right triangle 
(Fig. 79a). Then 

a; = a sin dx = a cos ddd, y/d? — z? = a cos 6, 



Fig. 79a. 


^V<2® — 3^dx= J'a^ <30^6 d6 = J*^ (1 + cos 2 6) dd 


= ”1" a sin 2 fl] + C 

= -g "t" sin 6 cos -|“ C. 


From the trian^e 


a • - 4 ® • a ^ n d ^— z? 

« = sm-^-, smfl=-, cos0=---. 
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Hence 


x^dz — 

BxampkB. 


z^dz — ^sin"^- 4- — a:® + C. 

A Q ju 


Take a and z as the two sides of a right triangle (Fig. 79b). 
Then 

z = a tan 6, dz — a sec® 0 dd 

and 

o® + a:® = o® sec® 0. 



a 

Fig. 79b. 


Consequently 


r dz 

= 1, 

r 


J (z^ + a®)® 

o®J 

' sec® 0 ~ 

"a®J 


= 2 "^ (0 + sin 0 cos fl) + C 


1. ^ sin® X dx. 

2. ^ cos® X dx. 

3. Jan* X cos® X dx. 


EXERCISES 

4. 


4. J^sin® 3 B cos® ZB dd. 

6. J*(cos®^ — siii®^) sin^< 

0 C ^ ^ 

’ J 1 — cos a? * 
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'• J 

rcos® X dx 

I sin X * 

*• J 

l*C08^ X dx 

1 sin a; * 

J 

^sec^xdx. 

“■ J 

pese® y dy. 

“• J 

^t2uXl?xdx. 

“•J 

^tan Jxsec® 

“• J 

[*tan® X sec* x dx. 

J 

^cot^xdx. 

“• J 

pcos® X dx 
f sm® X 

“• J 

fsecrccsc xdx. 

"J 

f*eQ8X8m2xdx. 

«. J 

r 

sin a; cos 3 a; dx. 

“• J 

r 

sin 2 x sin 3 x dr. 

”• J 

cos 2 X cos 4 r dr. 

“■ J 

• 

sin® (2 x) dx. 


22. J*cos^ (4 x) dx, 

23. J* cos^ X sin^ x dx. 

24. ^cos^ § X sin® ^ xdx. 

26. J* sm® X dx. 

■St^ 

/ dx 

TTsi 


26 

27. 

28. 


dx 

cos X ' 


sm X 


29. 


J*1 + cos B de, 
J* rv'.i- — dx, 

30. dx. 

31. -|- dx. 

32. fvFT dx. 

/ x^ dx 


34. 

36 

36 


/ dx 

(x2 - a' 

•/: 

/ 


, 2)1 • 


ojVa^ — a;2* 
X dx 
{a? - x“)* ■ 


80. ^tegratioa of Rational Fractions. — A fraction, such 
as a;:^4-3a; 

a?- 2a; - 3’ 

whose numerator and denominator are polynomials, is called 
a regional fraction. 

If the degree of the numerator is equal to or greater than 
that of the denominator, the fraction should be reduced by 
division. Thus 

af + Sx _ |f>i 10a; + 6 
x»-2x-3“®"*‘^"‘'a?-2x-3* 
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A fraction with numerator of lower degree than its denom¬ 
inator can be resolved into a sum of 'partial fractions with 
denominators that are factors of the o riginal denominator. 
Thus 

_10x + 6 _ 101 + 6 91 

a^-2a;-3 (a; - 3) (a: + 1) “ a: - 3 "‘"a: + 1* 

These fractions can often be found by trial. If not, 
proceed as in the following examples. 

Case 1. Factors of the denominator all of the first degree 
and none repeated. 

7 ? It + 2 a; + 6 j 

Dividing numerator by denominator, we get 

a;^ + 2a; + 6 _ 3a^ + 6 

a:® + a^ —2a; ^ a?-\-x^—2x 

., 1 , 3a;^+6 

” “^aiCa: - 1) (a:+2)’ 

Assume 

3a;^ + 6 A B C 
a:(x — l)(a; + 2) x x — x + 2' 

The two sides of this equation are merely different ways of 
writing the same function. If then we clear of fractions, the 
two sides of the resulting equation 

3 a;* + 6 = A (a; — 1) (a: + 2) + jBa: (a: + 2) + Cx (a; — 1) 

=={A-^B + C)x?-\-{A^2B-(J)x-2A 

are identical. That is 

A + B + C = 3, A+2B-C = 0, -2A = 6. 

Solving these equations, we get 

A « -3, 5 = 3, C = 3. 
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Conversely, H A, B, C have these values, the above equa¬ 
tions are identically satisfied. Therefore 


/ 


•x*+2z + 6 


dx 


a? -{-o? — 2x 
= ^x^ — x 


3 In a: + 3 In (x - 1) + 3 In (x + 2) + C 


= lx^-x + d]xx^ - 

JU 


X 


The constants can often be determined more easily by 
substituting particular values for x on the two sides of the 
equation. Thus, the equation above, 

3 -t d = A (x — 1) (x + 2) Bx (x 2) -h Cx (x — 1), 

is an identity, that is, it is satisfied by all values of x. In 
particular, if a; = 0, it becomes 

6 = -2A, 

whence A = — 3. Similarly, by substituting a: = 1 and 
X — —2, we get 

9 = ZB, 18 = 6 C, 
whence B = Z, C = Z. 

Case 2. Factors of the denominator all of first degree 
but some repeated. 

T 7 TO P {^a? + 1) dx 
Bxampki. + + 

Assume 

8a:® + 7 _ A B C D 

(x+l)(2a;+l)» x+l“’"(2a;+l)*'^(2a;+l)2"^2a: + l‘ 

Corresponding to the repeated factor (2 a; + 1)®, we thus 
introduce fractions with (2 a; + 1)* and all lower powers as 
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denominators. Clearing and solving as before, we find 
A = l, 5 = 12, O' = -6, D = 0. 

Hence 


/ (»+1^1+1) A -/[^-^+ 

= In (a: +1) — 


12 

(2x + l)® 
3 

(2x + l)2 


6 


(2x + l)* 
3 


j dx 


2x -f-1 


Case 3. Denominator containing factors of the second degree 
hut none repeated. 

m 7 0 "t“ 2; “1“ 1 j 

Example Z. /—^Tiry— 

The factors of the denominator are x — 1 and x* + x + 1. 
Assume 

4 x^ 4- a: +1 _ A , .Bx + C . 

X® — 1 ~x — l'^x®4-x + l 


With the quadratic denominator x® + x + 1, we thus use a 
numerator that is not a single constant but a linear function 
Bx + C. Clearing fractions and solving for A, B, C, we find 

A = 2, B = 2, C = 1. 

Therefore 


f 


’4x® + x + 1 


X® 


dx 


J\x — l^x® + x + l/ 


dx 


a^ -j- X -j- , 

2 In (x — 1) + In (x® + a: + 1) + C. 


Case 4. Denominator containing factors of the second de¬ 
gree, some being repeated. 


BxamvUi. 

Assume 

x® + l A.Bx + C.Bx + Br 

x(x® + 1)® “ X (x® + 1)®"^ + 1 * 
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Corresponding to the repeated second degree factor (a^ + 1)®, 
we introduce partial fractions having as denominators 
{ 3 ? +1)® and all lower powers of + 1, the numerators 
being all of first degree. Clearing fractions and solving for 
A, B, C, D, E, we find 

A = l, C=-l, D-1, E =1. 


Hence 
a;®+ 1 


S. 


X{3? + 1 )^ 


dx 


■/B- 


a; -f" 1 X — 1 


{x^ + 1)® a;^ + 1 


dx 


= hi 


X 


2 




X — 1 
2 (.T* + i) 


+ c. 


p 

81. Integrals Containing {ax + 6)— Integrals contain- 

p 

ing (a® + 6) « can be rationalized by the substitution 

ax + h = 


If several fractional powers of the same linear function 
ax + 1 occur, the substitution 

aa: + 6 = z” 


may be used, n being so chosen that aU the roots can be 
extracted. 

Example 1. f — — 

J 1 + 

Let a; = z®. Then dx — 2 zdz and 


= 2z-21n(l + g) + (7 
= 2 - 21n (1 + v^) + C. 
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EXERCISES 


+ 3? 


3 z "I” 2 
z + 2 


dx. 


I^ + X 

ft f 

J x{x^ - 1) • 

4 Cj^L±1 

Jx^ -4a 


dx. 


10 . 


f 3 (x + 1 ) 

J a :3 - 1 


dx. 


f xdx 
I ^ _ 4 • 

12./- =^’ + 2z» 


dx. 


13. 


jj X dx 

' J(a: + 1}»‘ 

„ f dx 

J (x^ - 

‘■f- 

»•/: 


1)2 • 
+2z -4 
X* — 2 x^ 

» + 1 


dx. 


z(z* + 1) 


16. r 
16 ./: 

kJ 

“•/l- 


{z + l)(z*+2z+2) 
z’ dz 


(Zz. 


(z* +4)»‘ 
1 + Vz 


e?a:. 


V5 

ar (fa? 

v^Ti' 

zVx — a dx. 
•v/zT2 


z +3 
zl dx 
+ xi' 


dx. 


82. Integration by Parts. — From the formula 

d {iw) = udv V du 

udv = d (ud) — V du, 


we get 
whence 


J*udv = uv — J*V 


du. 


(82) 


If/, du is known this gives J*u dv. Integration by the 
use of this formula is called integraiion by parts. 

Example 1. J'hxxdx. 

dx 

Let u = hix, dv = dx. Then du = —, v = x, and 

X 


A 


xdx = h.x • X 


-h 


dx 

X 


= X (In a; — 1) + C. 
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Example 2. J* cc? sin x dz. 

Let « =* a® and di; == sin a; dx. Then du — 2xdx,v = 
—cos x, and 

J^x^dnxdx = —X? cos x+J'2x cos x dx. 


A second integration by parts with u = 2x,dv = cos x dx 
gives 


f 


2 X cos xdx = 2 xsijxx — J" 2 sbxxdx 
= 2 a; sin a; + 2 cos x C. 


Hence finally 


/ 


a:® sin a: da; 


—a:® cos a; + 2a;sina; + 2cosa: + C'. 


The method of integration by parts applies particularly 
to functions that are simplified by differentiation, like In x, 
or to products of functions of different classes, like x sin x. 
In applying the method the given differential must be re¬ 
solved into a product u • dv. The part called dv must have 
a known integral and the part called u should usually be 
simplified by differentiation. 

Sometimes after integration by parts a multiple of the 
original differential appears on the right side of the equation. 
It can be transposed to the other side and the integral can 
be solved for algebraically. This is shown in the following 
examples. 


Example 3. 


/ 


Vo* — a;® dx. 


Integrating by parts with u = Vo* — x\ dv = dx, we get 


f Vo*—ic*da; = x Vo® — x® — /*. 
J J Vo®~x® 
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Adding to the numerator of the integral and subtracting 
an equivalent integral, this becomes 


0 ? 


fy/a? ~ a:?dx = x‘^a^ — x^— f ° .. ^ =.dx + a^ f 

•J J J Vc® — 

= X Va* — — J' Va 2 _ a ;2 dx + ■ j • 

Transposing — x?dx and dividing by 2, we get 

rVa2 _ a;2 dx = — x^ sin~^- + (7. 

Example 4. y'e®* cos bx dx. 

Integrating by parts with u = e/^, dv = cos bx dx, we get 

e®* sin ba; a 


/ 


e®* cos 6a: dx = 


-if' 


e®* sin bx dx. 


Integrating by parts again with m = e®*, dw = sin bx dx, 
this becomes 


/ 


ef^ cos bxdx= 


e®*sin bx 


t- 


e®*cosbx , a 


h cos bx da: J 




sin bx + a cos bx 


62 


HP 


e®* cos bx dx 
e®* cos 6a: da;. 


Transposing the last integral and dividing by 1 + -p, this 
gives 

fb sin 6x + a cos 6x> 


/ 


e®* cosbxdx 


_ ^ (b sin 6x + a cos bx^ 

“ V a2 + 62 )■ 


83. Reduction Formulas. — Integration by parts is often 
used to make an integral depend on a simpler one and so to 
obtain a formula by repeated application of which the given 
integral can be determined. 

To illustrate this take the integral 



138 


CALCULUS 


Chap. XI. 


where n is a positive integer. Integrating by parts with 
u = sin*"^ X, dv — sin X dx, we get 

Jdn. X - sin- * eos X + /(« - 1) sin-cos> X dr 

= — sm““^a:cosa: + ~ 1) J* sin”"®a:(l — sin*a:)rfx 

=* —sin"“^ a; cos a: + (n—1) ^sin”“*a: dx 
— (n — 1) J* sin“ X dx. 

Transposing the last integral and dividing by n, we get 


”“*a: dx 


/ . . , sm"~^ a: cos a; , n — 1 (* . „ , 

sin* xdx = — --I sin““- 

n n J 


X dx. 


By successive application of this formula we can make 
J*abi" X dx depend on J* dx or^sin x dx according as n is 


even or odd. 


Example. /sin ^ xdx. 

By the formula just proved 


J* sin® xdx = 


sin® a; cos a; . 5 


+ 1 J* sin^aidx 


sin® X cos X 


5 r sin® X cos x , 3 T • « t ~ 
■ q [ -4-sm^xdx 


sin®xcosx 5 . , 5 . . 6 , ^ 

-g-^sm®x cosx — jgSm x cos x + + C. 




EXERCISES 


1. 

« 

COS a? d®. 

’■J 

In xdx. 

2. 

« 

^Qc0edx. 

‘■J 
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J 

Ptan-i X dx. 

10 . 

4 

J" Vx® — a* da;. 

J 

[ In (a: + Va® + a:®) dar. 

11 . 

4 

j Va^ + a:® 

J 

[*X sec—^ X dx. 

12 . 

4 

^ 02 * sin 3 a: da:. 

J 

[*a:®e—* da:. 

13. 

4 

^ e* cos a: dx. 

J 

“ 1 )^ sin X dx. 

14. 

j sin 2 X cos Z x dx. 

15. 

Prove the formula 

4 


j 

jj sec»-^ X tan x , 

sec» xdx - -;-h 

' w — 1 

n - 2 
n — 1 

^sec»-®a:da;, 

and use it to integrate sec® x dx. 



16. 

Prove the formula 




1 + 

« 

II 

1 

» , 2 710^ f 

■+ 2 n + ljf“* 


and use it to integrate 

J (o» - dx 
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84. Summation. — Between x = a and x = blet f(x) be a 
continuous function of x. Divide the interval between a and 
b into n equal parts 


Ax = 


b — a 


n 


and let ®i, 0 : 2 , • • *, be the points of division. Form the 
sum 


fid) Ax + /(iCi) Ax + /(X 2 ) Ax + • • • + fix„-i) Ax. 



This sum is represented by 
the notation 

2^V(x) Ax. 

Since /(o), (/xi), /(X 2 ), 

etc., are the ordinates of the 
curve 

2/ = /(®), 


the terms/(a) Ax,/(xi) Ax, /(x 2 )Ax, etc., represent the areas 

S b 

fix) Ax is the sum of 

& 

those rectan^es. 

S 2 

^x* Ax when Ax = j. 

The iaterval between 1 and 2 is divided into parts of 
length Ax = i. The points of division are li, 1^, If. 
Therefore 

2[®*Ax = • Ax + (f)2 Ax + (f)* Ax + (f)* Ax 

=* Ax = • i == 1.97. 

140 
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Example 2. Find approximately the area bounded by the 
ic-axis, the curve y = Vx, and the ordinates x = 2, x = 4:. 

From Fig. 84b it appears that a fairly good approxima¬ 
tion win be obtained by dividing the interval between 2 and 
4 into 10 parts each of length 0.2. The value of the area 
thus obtained is 

Aa:=(\/2-i-V£2-|-\/l4-l-+V^) (0.2)=3.39. 

The area correct to two decimals (given by the method of 
Art. 87) is 3.45. 



86. Definite and Indefinite Integrals. — If we increase 
indefinitely the number of parts into which 6 — a is divided, 

the intervals Ax approach zero and f(x)Ax usually ap¬ 
proaches a limit. This limit is called the definite integral 
of fix) dx between x = a and x = b. It is represented by 

the notation J* fix) dx. That is 

f fix) dx = lim fix) Ax. (85) 

The number a is called the lower limit, h the upper limit of 
the integral. 

In contradistinction to the definite integral (which has a 
definite value), the integral that we have previously used 
(which contains an imdetermined constant) is called an 
indefinite integral. The connection between the two integrals 
will be shown in Art. 88. 



142 


CALCULUS 


Chap. XH. 


86. Geometrical Representation. — If the curve y = f(x) 

lies above the aj-axis and a < 5, as in Fig. 84a, dx 

represents the limit ap¬ 
proached by the sum of 
the inscribed rectangles 
and that limit is the 
area between x = a and 
X = h bounded by the 
curve and the a:-axis. 

At a point below the 
aj-axis the ordinate j{x) 
is negative and so the 
product f(x)Ax is the 
negative of the area of the corresponding rectangle. There¬ 
fore (Fig. 86a) 

2 If 

f(x) Ax — (sum of rectangles above OX) 

Of 

— (sum of rectangles below OX), 

and in the limit 

r /(ic) dx = (area above OX) — (area below OX). 




If, however, a > &, as in Fig. 86b, x decreases as we pass 
from a to 6, Aa; is negative and instead of the above equation 
we have 



dx — (area below OX) — (area above OX). 
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Example 1. 


Show 


graphically that 



sin® xdx = 0. 


The curve y = sin® x is shown in Fig. 86c. Between a: = 0 
and X = 2 IT the areas above and below the x-axis are equal. 
Hence 



sin® X dx — Ai. — A% = 0. 


7 



Fig. 86c. 


Example 2. Show that 



e"^’dx 



dx. 


The curve y — e~^ is shown in Fig. 86d. It is symmetrical 
with respect to the y-axis. The area between x = — 1 and 



X = 0 is therefore equal to that between x = 0 and x = 1. 
Consequently 



e ** dx = Ax “b A 2 — 2 A 2 ~ 



e~^* dx. 
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87. Derivative of Area. — The area A bounded by a curve 

2/ = /(a;), 

a fixed ordinate x = a, and a movable ordinate MP, is a 
function of the abscissa x of the movable ordinate. 

Let X change to a; + Ax. The increment of area is 

AA = MPQN. 

Construct the rectangle 
MP'Q'N equal in area to 
MPQN. If some of the 
points of the arc PQ are 
above P'Q', others must be 
below to make MPQN and 
MPW equal. Hence P'Q' 
Pjq, 87 intersects PQ at some point 

R. Let y' be the ordinate 
of R. Then y' is the altitude of MP'Q'N and so 



AA = MPQN = MP'Q'N = y' Ax. 


Consequently 


Ax 


= y'. 


When Ax approaches zero, if the cTirve is continuous, y' 
approaches y. Therefore in the limit 

tIA 

g = 2/ = m- (87a) 

Let the indefinite integral of /(x) dx be 
fm dx = F(x) + C. 

From equation (87a) we then have 

A « J fix) dx^ Fix) + C. 
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The area is zero when x = a. Consequently 

0 = F{a) + C, 

whence C = —F{a) and 

A = F(x) - F(a), 


This is the area from a; = o to the ordinate 3IP with abscissa 
X. The area between x = a and x = b is then 

A = F(b) - F(a). (87b) 


The difference F(b) — F (a) is often represented by the 


notation 


r "1® 

ion F(x) , 


that iSj 


(87c) 


In the above discussion we have considered f(x) as positive 
and a <b. If the curve extends below the a:-axis as in 
Fig. 86a the same argument leads to equation (87b) if vre 
consider area below the a:-axis as negative. Finallj^ if 
a > fa, as in Fig. 86b, the same equation is obtamed if area 
below the a:-axis is considered positive and above negative. 
88. Relation of the Definite and Indefinite Integrals. — 

The definite integral J* f(x) dx is equal to the area boimded 

by the curve y = f(x), the a>axis, and the ordinates x = a, 
x = b. If 

J* f(x) dx = F{x) + C, 

by equation (87b) this area is F{b) ~ F(a). We therefore 
conclude that 

£ f(.x) dx = [mj = m - m, 


( 88 ) 
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that is, U> find the value of the 
svbstitvie x = a, and x = h in the 


definite integral J f(x) dx, 
indefinite integral fm dx 


and subtract the former from the latter result. 
Example. Find the value of the integral 


n dx 

Jo 


The value required is 



dx 

1+0^ 


tan“^ X 


1 

0 


tan~^ 1 


tan"’^ 0 = X • 
4 


89. Properties of Definite Integrals. — A definite inte¬ 
gral has the following simple properties: 


I. f f{x)dx = ~ f fix) dx. 

Ja Jb 

n. f fix) dx ^ f fix) dx+ f fix) dx. 

%Ja %/a %Jb 



Fig. 89a. 



The first of these is due to the fact that if Aa: is positive 
when X varies from a to 6, it is negative when x varies from 
b to a. The two integrals thus represent the same area with 
different algebraic signs. 

The second property expresses that the area from a to c 
is equal to the sum of the areas from a to b and b to c. This 
is the case not only when b is between a and c, as in Fig. 89a, 
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but also when b is beyond c, as in Fig. 89b. In the latter 
case f(x) dx is negative and the sum 

f f{x) dx+ f f(x) dx 

Ja Jh 

is equal to the difference of the two areas. 

90. Infinit e Limits. — It has been assumed that the limits 
a and b were finite. If the integral 

J Six) dx 

approaches a limit when b increases indefinitely, that limit 
is defined as the value of J* fix) dx. That is, 

f fix) dx = lim f fix) dx. (90) 

Ua b—>oot/a 

If the indefinite integral 

dx = Fix) 

approaches a limit when x increases indefinitely, 

r fix) dr = lim [F(6) - F(o)] = F(oo) - F(a). 

t/ ct 6 —>00 

The value is thus obtained by equation (88) just as if the 

limits were finite. 

„ , , F” dr 

Bmmplel. J 

The indefinite integral is 

r . = tan“^ r. 


When r increases indefinitely, this approaches ^ • Hence 


£t 


— tan-1 ^ 
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Example 2. J* cos x dx. 


The indefinite integral sin x does not approach a limit 
when X increases indefinitely. Hence 


£ 


cos X dx 


has no definite value. 

91. Infinite Values of the Function. — If the function 
f{x) becomes infinite when x = b, J* f(x) dx is defined as 
the limit 

f fix) dx — lim f fix) dx, 

z being betw’een a and 6. 

Similarly, if /(a) is infinite, 

nh 

' fix) dx = lim I fix) dx, 

a 2—^a Jz 

z being between a and h. 

If the function becomes infinite at a point c between a and 
h, J' fix) dx is defined by the equation 

f fix) dx = f fix) dx + f fix) dx. (91) 

c/fl t/a Uc 

Example 1. C 

J-iVx 

When a; — 0, is infinite. We therefore divide the 
vrc 

integral into two parts; 

f^dx_/^dx f^dx 3,3 _ 

J. 2 + 2 ““- 
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Example 2. J* 


■ 


If we use equation (88), we get 


= _1 
J-i X 


= - 2 . 


-1 


Since the integral is obviously positive, the result —2 is 

absurd. This is due to the fact that -4 becomes infinite 

re® 

when a: = 0. Resolving the integral into two parts, ’ne get 


r”—-I- r 

I a? J-ix^ Jo 


'1^ 

ai® 


00 4 - 00 = 00 , 


92. Change of Variable. — If a change of variable is 
made in evaluating an integral, the limits can be replaced by 
the corresponding values of the new variable. To see this, 
suppose that when x is expressed in terms of t, 

f(x) dx — 4>(t) dt. 

Let 

fm dx = F(x), J*dt = #(0. 

Then 

d [F(a:) — #(<)] = f(x) dx — 4>{t) dt ~ 0. 

Hence F{x) — ^{t) is constant, or 

F{x) = #(«) + C. 

If ^b, ti are values of t corresponding to xo, xi 

F(xi) = #(fi) + C, F(x2) = + C, 

Hence 

F{x^ — F(x^ - 

or 

J f (ps) dx = <t>(t) dt, 

which was to be proved. 
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If more than one value of t corresponds to the same value 
of X, care should be taken to see that when t varies from U 
to ti, X varies from xo to xi, and that for all intermediate 
values, f(x) dx = dt. 

Example. J* Va^ — x^dx. 

Substituting a; = a sin 0, we find 

J Va^ - x^ dx = coaHdd = 

TT • 

When a: = a, sin 0 = 1, and ^ — 2 ‘ ^ ^^ 


= — 1 and d = — I, Therefore 


X X 

J' Va^—x^dx=a^J‘ cos®0d5 = ^|^0+isin25j 


Tra^ 

T’ 


Since sin | ir = — 1, it might seem that we could use | tt 
as the lower limit. We should then get 


a® f cos* 6 do 
Jzt 


ttO? 

T‘ 


This is not correct because in passing from | tt to | t, 0 
crosses the third and second quadrants. There cos 6 is 
negative and 

Va*— x^dx = (—a cos 6) cos 6 d6, 
and not a* cos* 6 dd as assumed above. 


EXERCISES 

Find the values of the following sunas: 
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4. By summation with Ax »= 0.1 find an approximate value of the 
area bounded by the x-axis, the ordinates x = 0, x — 1, and the curve 
y = 3?. 

6. Find approximately the area bounded by the coordinate axes and 
a quadrant of the circle x® + 1 /® = 4. 

By representing the int^rals as areas prove graphically the following 
equations: 



8. f^8m‘ xdx - 2 f" sin® x dx. 

Jo Jo 

9. I f(x) dx = f f(a — x) dx. 

Jo Jo 


Find the values of the following definite integrals: 



Evaluate the following definite integrals by making the changes of 
variable indicated: 


17, 

18. 

19. 

20 . 


r dx 
Vl(l -|- x) ’ 

r x dx 

r°° dx 
ji xVo? — i ’ 

J ri dx 

0 (l+x»)i’ 


X = z®. 

X - 1 = z*. 

X = sec 9. 
X = tanff. 



CHAPTER XIII 

SIMPLE AREAS AND VOLUMES 


93. Area Botinded by a Plane Curve, Rectangular Co¬ 
ordinates. — If y is positive and b > a, the area bounded by 
the curve 

y = fix), 

the tc-axis, and two ordinates x = a, x = 6 is the limit ap¬ 
proached by the sum of rectangles V Ax. That is, 

A. = lim V* 2/Ax= f ydx = f /(x) dx. (93a) 

Aa—>0 ® t/a %J<i 



Similarly, the area bounded by the curve 

X = fiy) 

the ^-axis, and two abscissas x = a, x — & is 

f xdy= f fiy)dy. (93b) 
/1S2 
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Areas of a more general foipi can be obtained by easy 
extensions of these formulas, the general method being to 
express the area as the limit of a sum of rectangles and de¬ 
termine that limit by integration. 

Example 1. Find the area bounded by the curve y=l +a?, 
the avaxis, and the ordinates x = —1, x = 1. 



The area (Fig. 93c) is 

A = J' ydx = J* (1 3?) dx 

Example 2. Find the area bounded by the curve 
X = 2 -\-y - y^ 

and the y-sjos. 

The curve (Fig. 93d) crosses the y-axis at y = —1 and 
y = 2. The area required is therefore 

A = = J^^i2 + y-y^)dy = ^2y + ^ - 

Example 3. Find the area bounded by the curves 
y — Zx — 3?, y = a? — X. 
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By solving simultaneously we find that these curves 
(Fig. 93e) intersect at the origin and at the point Q where 
X = 2, y = 2. The area required is bounded above by 
the arc OPQ of the curve y = Zx — and below by the 



arc OMQ of the curve y == — x. The area is the limit of 

a sum of rectan^es with base Aa; and altitude MP equal to 
the difference of the ordinates on the two curves. Hence 


A =* rMP-dx^ r[(Zx-a^)-(a^-x)]dx 

Jo Jo 

= J' (4 a: — 2 X®) da; = f. 


Example 4. Find the area within the hypocycloid 
X == a sin® tj>, y = a cos® <j>. 

The area OAB in the first quadrant is 



where x and y have the values on the curve. To evaluate 
this integral we express x and y in terms of <t> and change the 

limits as explained in Art. 92. When if> varies from 0 to ^ 
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the point (x, y) moves along the curve from A to .B. Hence 
the area OAB is 




a cos® ^ • 3 a sin® ^ cos ^ d<p 




cos^ <j) sin^ <l>d4> = 


^ TT a®. 


The entire area within the curve is 
4 • OAB = ITT a^. 



Fig. 93f. 


EXERCISES 

1. Find the area bounded by the line ^ = 2 x — 1, the x-axis, and 
the ordinates a; = 1, x = 2. 

2. Find the area bounded by the z-axis and the curve 

af - 

3. Find the area bounded by the parabola 

X = 2y — 

and the 2 ^-axis. 

4. Find the area bounded by the curve 

and the lines y — —2, x « 8. 

5. Find the area bounded by the parabola 

2 ^ = 2x — x^ 


and the line y = —x. 
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6. Find the area bounded by the curve 

2/ =* 5 — 

and the Kne y « rc — 1. 

7. Find the area above the ai-axis bounded by 

y* = 4 ar, x + 2 / “ 3* 

8. Find the area bounded by the curves 

2/2 = 5 X + 6, = 2 ^. 

9. Find the area bounded by 

X 2 ^ - 4, x + y —B. 

10. Find the area bounded by 

(x + yY =“ 4 X 

and the line y = —3. 

11. Find the area within the ellipse 


12. Find the area of the two parts into which the circle + ^ *= 8 
is cut by the parabola ^ « 2 x. 

13. Find the area within the ellipse 

2 — 2 0:2^ + 2/® ~ 4. 

14. Find the area within the ellipse 

X = 2 cos 2 / = sin 
16. Find the area bounded by the hyperbola 
X = a sec 4>7 2 / — a tan 0 

and the line x = 2 a. 

16. Find the area bounded by the x-axis and one arch of the cycloid 

X «= a{<t> — sin ^), y = a{l — cos ^). 

17. Find the area of the sector bounded by the x-axis, the hyperbola 

® ** I (^ + er-4»), 3^ I (e0 — 

and the line ioining the origin to the point (x, y) on the curve. 

94. Area Bounded by a Plane Curve, Polar Coordinates. — 
We shall determine the area of the sector POQ bounded by 
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two radii OP, OQ and the arc PQ of a given curve. Areas 
of a more general form can be expressed as sums or differences 
of areas of this kind. 

Divide the angle POQ into equal parts Ad and construct 
the circular sectors shown in Fig. 94a, One of these sectors 
ORS has the area 

§ OiE® • A0 = i r® A8. 



If a and are the limiting values of 6, the sum of all the 
sectors is then 



As A6 approaches zero, this sum approaches the area A of 
the sector POQ. Therefore 

A = lim V ^ r® A0 = ir^dd. (94) 

In this equation r must be replaced by its value in terms 
of d from the equation of the curve. 

Example. Find the area of one loop of the curve r = 
a sin 2 (9 (Fig, 94b). 
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A loop of the curve extends from = 0 to 0 = g- Its 
area is 


A = 




(2ff) dJd 


4 


ir 



COS 4 6) dd 


T* 


EXERCISES 


1. Find the area of the circle r = a, 

2. Find the area of the circle r = a cos 0. 

3. Find the area bounded by the coordinate axes and the line 


T 



4. Find the area of one loop of the curve 

7^ = cos 2 d. 


5. Find the area enclosed by the curve r =* cos 0 + 2. 

6. Find the area within the cardioid r = a(l — cos 0). 

7. Find the area bounded by the y-axis and the parabola 

r = a sec® ^. 


8. Find the area bounded by the initial line and the second and third 
turns of the spiral r - 00 . 

9. Show that the area bounded by the spiral r$ = a and two radii is 
proportional to the difference of those radii. 

10. Show that the area bounded by the spiral 

r = ae^ 


and two radii is proportional to the difference of the squares of those 
radii. 

U. Find the area below the initial line bounded by the circle 
r = a cos 0 + a sin 0. 

12. Find the area common to the two circles 
r«acos0, r—asin0. 



Chap. XIII. SIMPLE AREAS AND VOLUMES 159 

13. Find the area above the x-aas bounded by the cur\'e r = a tan d 
and the line r = a sec 0. 

14. Find the area within the cardioid r = a(l + cos 6) and outside 
the circle r = f a. 

16. By changing to polar coordinates find the area within a loop of 
the curve 

{ 3 ? + V'Y = 2 a® xy. 

96. Volume of a Solid of Revolution. — To determine the 
voltime generated by rotating the area ABCD (Fig. 95a) 
about the a;-axis, construct the series of rectangles shown in 
the diagram. When rotated about the x-axis one of these 
rectangles PQRS generates a right cylinder with radius y 
and altitude Ax. The volume of this cylinder is 

iry* Ax. 



If a and b are the limiting values of x, the sum of the cylinders 
is 

2 iry^ Ax. 

The volume generated by the area is the limit of this sum 
V = Um ^ ry^ Ax = I wy® dx. (95) 

Ax—>0 d t/ A 

K the area does not reach the axis, as in Fig. 95b, let yi 
and yz be the distances from the axis to the bottom and top 
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of the rectangle PQRS. When revolved about the axis, 
it generates a hollow cylinder, or washer, of volume 

— yi®) Ax. 

The volume generated by the area is then 

V = lim V 7r(y2® — 2/1®) Ax = f ir{y^ — j/i®) dx. 

A*_*//* 



If the area is revolved about some other axis, y in these 
formulas must be replaced by the perpendicular from a point 
of the curve to the axis and x by the distance along the axis 
to that perpendicular. 

Example 1. Find the 
volume generated by re¬ 
volving the ellipse 

1 

_ d? ¥ 

O Ax a X 

about the x-axis. 

From the equation of the curve we get 



= r2(«^ 


a‘ 


X®). 


The volume required is, therefore, 

V = J*“— ^ J* (o® — JE®) dx = f xofe®. 
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Example 2. A circle of radius a is revolved about an axis 
in its plane at the distance b (greater than a) from its center. 
Find the volume generated. 

Revolve the circle, Fig. 95d, about the line CD. The 
rectangle MN generates a washer with radii 

Ri = b~x = b— 'v/a* — 

Ra = & + » = & + ~ 2/®* 



The volume of the washer is 

ir {R^ — R^) = 4c vb^d? — Ay. 

The volume required is then 

V = I 4:irb Va® — y^ dy — 2 ir®o®6. 

«/—fl 

Example 3. Find the volume generated by revolving the 
circle r = o sin 0 about the x-axis. 

In this case 

y = r sia 0 = a sin® 0, 
a; = r cos 0 = o cos 0 sin 0. 


The volume required is 
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The reason for using t as the lower limit and 0 as the upper is 
to make dx positive along the upper part ABC of the curve. 
As 6 varies from tt to 0, the point P describes the path 
OABCO, Along OA and CO dx is negative. The integral 
thus gives the volume generated by MABCN minus that 
generated by 0AM and OCN. 



EXERCISES 

1. Find the volume of a sphere by integration. 

2. Find the volume of a right cone by integration. 

^ 3. Find the volume generated by revolving about the x-axis the area 
bounded by the a;-axis and the parabola y == 2 x — x^, 

4. The area bounded by the parabola = 4 ax and the line x = a 
is rotated about the line x 2 a. Find the volume generated. 

6, The area bounded by the parabola ^ 4 ax and the line a; = a 
is revolved about the y-axis. Fmd the volume generated. 

6. The area bounded by the parabola ^ 4 ax and the line x - a 
is revolved about the line y =*= —2 a. Find the volume generated. 

7. Through a sphere of radius a a hole of radius h is bored. If the 
axis of the hole passes through the center of the sphere, find the volume 
left. 

8. The area bounded by the hyperbola xy = 4and the liner + y = 5 
is revolved about the y-axis. Knd the volume generated. 

9. A loop of the curve 

y* « r®(l - 


is rotated about the Find the volume generated. 
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10. The area within the elhpse 

a: = o cos <t>, y = b sin 4> 

is rotated about the a:-axis. Find the volume generated. 

11. Fmd the volume generated bj' rotating about the x-axis the area 
between the x-axis and one arch of the cycloid 

X = a(<t> — sm <l>), y = o(l — cos 4>). 

12. The area within the cardioid 

r = a(l + cos e) 

is revolved about the initial line. Fmd the volume generated. 

96. Volume of a Solid witih Given Area of Section.— 
Divide the solid (Fig. 96a) into slices of equal thickness Ah 



by means of planes perpendicular to an axis along which 
a coordinate h is measured. Let A be the area of section 
in the plane where the coordinate is k. In the slice between 
the planes h, h + Ah construct a plate with base A, altitude 
Ah, and lateral surface parallel to the axis of h. The volume 
of this plate is 


A - Ah. 
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If aiTnilnr plates are inscribed in all the slices, the sum of their 
volumes is 

AA, 

a 

where o and 6 are the limiting values of h. When Ait ap¬ 
proaches zero, this sum approaches the volume of the solid 
as limit. The volume is therefore 

V = hm A/i = C A dh. (96) 

Ak r ^ y Q ^ «/ d 

To determine the volume we must express A in terms of 
h and integrate. Particular care should be taken to choose 
the axis of h so that the area of section A shall be as simple 
a function of h as possible. 



Example 1. Fmd the volume of the ellipsoid 

= 1 

02 f 52 c2 

The section perpendicular to the x-axis at the distance x 
from the center is an ellipse 
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MP - cv/i^. m = 

By exercise 11, page 156, the area of this ellipse is 
IT • MP . MQ = Trfcc^l - 



The volume of the ellipsoid is, therefore, 

J* irfcc^l —^dx = f irabc. 

Example 2. The axes of two equal right circular cylinders 
intersect at right angles. Find the common volume. 

In Fig. 96c, the axes of the cylinders are OX and OZ and 
OABC is I of the common volume. The section of OABC 
by a plane perpendicular to OY is a square of side 


MP = MQ = Va^ - 
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MP • MQ ^ 


and the required volume is 

y = 8 ^ {a? — y^) dy ^ ^ aK 


EXERCISES 

1. Find the volume of a pyramid by integration. Use the fact that 
a section parallel to the base has an area proportional to the square of 
its distance from the vertex. 

2. Two circles have a diameter in common and he in perpendicular 
planes. A square moves in such a way that its plane is perpendicular 
to the common diameter and its diagonals are chords of the circles. 
Find the volume generated. 

3. A square of side a revolves about a line perpendicular to its plane 
while the point of intersection moves the distance h along the line. 
Fmd the volume generated, 

4. The plane of a movmg circle is perpendicular to that of an ellipse 
and the radius of the circle is an ordinate of the elhpse. Fmd the volume 
generated when the circle moves from one vertex of the ellipse to the 
other. 

5. A wedge is cut from the base of a cylinder by a plane passing 
through a diameter of the base and mclined at the angle-a to the base. 
Find the volume of the wedge. 

6. A cylindrical bucket filled with oil is tipped until half the bottom 
is exposed. Find the amoimt of oil poured out. 

7. The base of an oblique cylinder is a circle of radius a and the 
generators make the angle a with the base. A wedge is cut from the 
base of the cylinder by a plane which passes through the center of the 
base and is perpendicular to the generators. Find its volume. 

8. The cylinder in the preceding problem is cut by a plane perpen¬ 
dicular to the generators and tangent to the base. Find the volume of 
the wedge cut off. 

9. The axes of two equal right cylinders of radius a intersect at the 
angle a. Find the common volume. 

10. Two oblique cylinders of equal altitude h have a circle of radius 
a as common upper base and their lower bases are tangent. Find the 
common volume. 
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11. The radiiis of a cylinder, starting from a position in the base, 
advances the distance kd along the axis while rotating through the angle 
B about it. If the total rotation is 180®, find the volume bounded by 
the resulting screw surface, the plane through the axis and final radius, 
the lateral surface of the cylinder, and its base. 



CHAPTER XrV 

OTHER GEOMETRICAL APPLICATIONS 


97. Infinitesimals of Higher Order. — We have defined 
the definite integral as the limit 

liDi X fix) Ax. 

Ai—^0 c 

In most applications of summation the quantity to be found 
appears as a limit of the form 

hm Fix, Ax) 

Ax—»0 a 

•where Fix, Ax) can be reduced to the form fix) Ax if we 
ne^ect infinitesimals of higher order than Ax. That such 

neglect should not change the limit 
is indicated by the following con¬ 
siderations. 

Let 6 be -the number so chosen 
that 

Fig. 97 Fix, Ax) = fix) Ax + e Ax. 

There is a value of e for each interval x, x -1- Ax. If the 
difference of Fix, Ax) and fix) Ax is an infinitesimal of higher 
order 'than Ax, e Ax is of higher order than Ax and so e 
approaches zero ■with Ax (Art. 46). The difference 

'^^Fix, Ax) — Ax =Ax 

is graphically represen'ted by a sum of rectangles whose 
altitudes are the various values of e. Since aU these values 

168 
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approach zero with Ax, the total area approaches zero and so 

lira 5) P(.^} S /(^) 

Ac—>>0 a Ar—H) ct 

The quantity S{x) Ax (usually written f(x) dz) is called 
the element of the integral. 

For the above discussion to be strictly accurate it should 
be shown that there is a number m larger than any of the 
e’s which approaches zero. The small rectangles then all 
beloi^ to a rectangle of altitude m, base b-a, and area m(]b-a) 
which approaches zero with Ax. In any actual application 
we can easily show that this is the case. 

98. Length of a Curve, Rectangular Coordinates. — In the 
arc AB of a curve inscribe a series of chords. The length 
of one of these PQ (Fig. 98a) is 


ViAxr + (Ayr- = \/ 1 +(|fj Ax 



and the sum of their lengths is 



Ax 


The length of the arc is defined as the limit approached by 
this sum when the number of chords is increased indefinitely, 
their separate lengths approaching zero. 
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If the slope of the curve is continuous, when hx is suflEL- 
ciently small, 



is approximately equal to 



To see the accuracy of this approximation, let ^ be the 
angle between the x-axis and the tangent at P and 4 / the 
angle between the a:-axis and the chord PQ (Fig. 98b). Then 

(il) ^ \/^ + (^) “ 


T 



Fig. 98b. 


On the arc PQ there is a tangent RS parallel to the chord PQ, 
Hence 



where and 4> are the inclinations of two tangents on the 
arc PQ. Since 0 is a continuous function, by maTHu g Ax 
sufficiently small we can make this difference as small as 
we please. 
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Hence in the above sum we can replace 


by 



and so obtain for the length of the arc AB 


*=ib,2yi+(ij 


Ax 


r.'j 


■+( 2 )’ 


dx. 


In applying this formula ^ must be determined from the 
equation of the curve. The result can also be written 


= Vdx^ + dy^. 


(98) 


In this formula y may be expressed in terms of x or x in 
terms of y or both in terms of a parameter. In any case the 
limits are the values at A and B of the variable that remains. 

Example 1. Find the arc of the parabola y^ = 4x between 
the points (0, 0) and (1, 2). 

In this case 

dx = ^ydy. 

Hence 

Vdx® + dy^ = '^ly^dy- + dy^ = J + 4 dy, 

^ ~ ^ Jo ~ ^+In (1 + V2). 


Example 2. Find the perimeter of the curve 
X = a cos® y = a sin® <j>. 

The differential of arc is 

Vdx® + dy® = Vq a® cos* ^ sin® ^ + 9 a® sin* ^ cos® <j> dd> 
= 3 o cos (p sin 
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One-fotirth of the curve is described when 4> varies from 
0 to 5 . Hence the perimeter is 


s = 4 



3 a cos ^ sin = 6 a. 


99. Length of a Curve. Polar Coordinates. — The dif¬ 
ferential of arc of a curve is (Art. 62) 

ds = V dx^ -f dy^ = Vdr® -1- dfl®. 


Equation (98) is, therefore, equivalent to 


8 





(99) 



In using this formula, r 
must be expressed in terms 
of ^ or 0 in terms of r from 
the equation of the curve. 
The limits are the values at 
A and B of the variable 
that remains. 

Example. Find the length 
of one loop of the curve 


r = a cos 



In this case 


dr = — a cos^^sin^dfl 
4 4 


ds = Vdr® -1- r® = a co^^dd. 


One loop extends from $ = —2-jrtod = 2x. Hence 



a co^-7^ 

4 


16 

3 
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SXSR.OI S£# S 

1. Find the length of the curve rf = between (0, 0) and (4, 8). 

2* Find the arc of the curve y- = (2 x — 1)^ cut off by the line a: = 5, 

3. Find the length of the curve j: = In sec y from y == 0 to 2 / — 

4. Fmd the length of the curve x ^ \ y^ -- \ \ny between y 
and y = 2, 

6. Fmd the perimeter of the curve 

xl + 2/5 — al. 

6- Fmd the length of the catenary 



between x = — a and x = a. 

7* Fmd the length of one arch of the cycloid 

X = a((l> — sm <l>), y = a(l -- cos 4 ), 

8. Fmd the length of the involute of the circle 

X = a(cos ^ ^ sm 0), y ^ a(sm 6 -- d cos B) 

between B = 0 and B - 2 w, 

9. li B < TT and 6 is the arc of the cycloid 

X = a(B + sm B)j y = a(l — cos S') 
between the origin and the point (x, y) on the curve, show that 

5 ® = 8 ay. 


10. Find the circumference of the circle r = a by mtegration. 

11. Find the length of the curve r = kS between ^ = 0 and & — 2 t, 

12. Fmd the circumference of the circle r = 2 a cos 


13. Find the distance along the line r = a sec 



from = 0 



14. Show that the length of an arc of the spiral r = is propor¬ 
tional to the difference of the radii at its ends, 

16. Find the arc of the parabola 


r = a sec® i B 


cut off by the 2 /-axis. 


I) com 
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16. Find the perimeter of the caxdioid 

r = a(l + cos 9). 

17. Plnd the complete perimeter of the curve 

,e 

r = a sm’ ^ . 

100. Area of a Surface of Revolution. — To find the area 
generated by revolving the arc AB about the a>-axis join A 
and J5 by a broken line with vertices on the arc. Let x, y 
be the coordinates of P and x + Ax, y + Ay those of Q. 
The chord PQ generates a frustum of a cone whose area is 

TT {2 y + Ay) PQ = ir {2 y Ay) V Ax® + AyK 
The area generated by the broken line is then 

TT (2 y + Ay) V Ax® + Ay^. 



The area S generated by the arc AB is the limit ap¬ 
proached by this sum when Ax and Ay approach z ero. Neg- 
lecting infinitesimals of high er order, (2 y •+• Ay) V Ax® + Aj/® 
can be replaced by 2yVdx^-\-dy^ = 2yds. Hence the 
area generated is 

iS = ^ 2iryds. (100a) 

In this formula y and ds must be calculated from the 
equation of the curve. The limits are the values at A and 
B of the variable in terms of which they are expressed. 
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Similarly, the area generated by revolving about the 
y-ajds is 


^ ~ J* 2 xa: ds. 


(100b) 


Example 1. Find the area of the surface generated by 
revolving about the j/-axis the part of the curve y = 1 — 
above the a:-axis. 



In this case 


ds 



dz = V1 + 4: x^dx. 


The area required is generated by the part AB of the cur^'e 
between a: = 0 and a: = 1. Hence 

S — f 2 TTX ds = f 2 TX V1 + 4 X- dx 

Ja Jo 

= |(l+4a:*)*|'^ = ^(5V5- 1). 

Example 2. Find the area of the surface generated by 
rotating the cardioid 

r = a (1 + cos $) 


about the initial line. 
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Using 6 as the variable, 

c?s = Vdr® + r® d0® = a V2 V^l + cos 9 dd, 
y = r sin. 9 == a {1 cos 9) sin 9. 

The whole area is generated by the arc above the x-axis. 
Hence 

S = J 2 vy ds = 2 TO? V2 ^ (1 + cos 0)^ sin 9 d9 
4 7ra®-v/2r /■, , 32 , 

- 5 — [-(l + “s9)l|=-j-«>. 


EXERCISES 

1. Find the area of the surface of a sphere of radius a. 

2. Find the area of the surface of a right circular cone of altitude h 
and radius of base a. 

3. Find the area of the surface generated by revolving the arc of the 
curve 

9 2/2 - (2 X - 1)3 

between x ^ i and x = 2, about the 2 /“axis 
4* Find the area generated by rotating the loop of the curve 
9 x2 - f2 2/ - 1) (2/ ~ 2)2 

about the x-axis. 

B* Find the area of the spheroid generated by rotating the ellipse 



about the x-asds. 

6* Find the area of the surface generated by rotating the curve 

^ 4- yf = at 

about the x-axis. 

7. Find the area generated by rotating one arch of the cycloid 

X = a(<i> — sin ^), y = a(l — cos ^) 
about the x-axis. 

8. Find the area generated by rotating the ellipse 

X == o cos 4>j ^ & sin ^ 


about the ^-axis. 
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9. The arc of the hyperbola 

X ^ a sec y =^h tan 

between 0=0 and 0 s= is rotated about the 2 /-axis. Find the area 
of the surface generated. 

10. Find the area generated by rotating the circle r — a sin ^ about 
the initial line. 

11. The arc of the curve r = between 0=0 and 0 = - is revolved 

A 

about the ^axis. Find the area of the surface generated. 

12. The lemniscate 

r* = 2 a® cos 2 6 

is revolved about the initial line. Find the area of the surface gen¬ 
erated. 

101. Unconventioiial Metiiods. — The methods that have 
been given for finding lengths, areas, and volumes are the 
ones most generally applicable. 

In particular cases other methods 
may give the results more easily. 

To solve a problem by integra¬ 
tion, it is merely necessary to 
express the required quantity in 
any way as a limit of the form 
used in defining the definite 
integral. 

Example 1. Find the volume 
generated by rotating about the 
2 /-axis the area bounded by the 
parabola = y — 1, the i-axis, 
and the ordinates rc = ±1. 

Resolve the area into slices by Fig. lOla. 

ordinates at distances Ax apart. 

When revolved about the j/-axis, the rectan^e PM between 
the ordinates x, x Ax generates a hollow cylinder whose 
volume is 

TT (a: + Ax)^ — Tco?y = 2 irxy Ax icy (Aa;)®. 




178 


CALCULU.S 


Chap. XIV. 


Since 'ry (Ax)® is an infinitesimal of higher order than Ax, 
the required volume is 

lim 2 vxy Ax = C 2 ttx (1 + x®) dx = •§ x. 

Atf— ^0 J 0 

Example 2. When a string held taut is unwound from 
a fixed circle, its end describes a curve called the involute 

of the circle. Find the length of 
the part described when the first 
turn of the string is unwound. 

Let the string begin to unwind 
at A. When the end reaches P the 
part unwound QP is equal to the 
arc AQ, Hence 

QP = AQ = ad. 

When P moves to R the arc PR is 
approximately the arc of a circle 
with center at Q and central angle 
Ad. Hence 

PR — ad AS 

approximately. The length of the curve described when $ 
varies from 0 to 2 x is then 

s = lim ^ ad Ad = I ad dd = 2 x®a. 

A9-M) '^0 Jo 

Example 3. Find the area of the cylinder x® + y® = ox 
within the sphere x® + y® + 2® = d?. 

Fig. 101c shows one-fourth of the required area. Divide 
the circle OA into equal arcs As. The generators through 
the points of division cut the surface of the cylinder into 
strips. Ne^ecting infinitesimals of higher order, the area 
of tihie strip MPQ is MP 'As. If r, d are the polar codrdi- 
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nates oi M, r = a cos 6 and 

As ~ a Ad, MP = Va® — = a sin 6 . 

The required area is therefore given by 

s 

-r = lim ^ sin $ Ad = / a® sin 0 dd. 

•4 Afl-^O'^O Jo 


Consequently 


S 




sin ff d0 = 4 a\ 



EXERCISES 

1. A hole of radius 6 is bored through a sphere of radius a. If the 
axis of the hole passes through the center of the sphere, find the volume 
cut from the sphere. 

2. The area bounded by the h 3 rperbola a? and the lines 

y = zha is rotated about the x-axis. Find the volume generated. 

3. The vertex of a cone of vertical angle 2 o: is the center of a sphere 
of radius a. Find the volume common to the cone and sphere. 

4. Find the area swept over by the strmg in Example 2, page 178. 

6. A cycloid is generated by a point P on a circle of center C and 

radius a which rolls along a fixed straight line. Fmd the length of one 
arch of the cycloid by considering the circle at each instant as rotating 
about the point N where it touches the fixed line- Observe that the 
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amount the circle revolves is measured by the angle ^ ^ NCP and 
not by the angle between NP and the fixed line. 

6. Find the area between the fixed line and the cycloid in the pre- 
ceding problem by findmg the area swept over by the Ime N P- Observe 
that V and P are both moving. 

7. Find the area of the surface cut from a right circular cylinder of 
radius a by a plane passmg through a diameter of the base and inclined 
45® to the base. 

8. The axes of two right circular cylinders of radius a mtersect at 
right angles (Fig. 96c), Find the area of the solid common to the two 
cylinders. 

9. The angle between the axis of a cone and its generators is 45°. 
If the vertex of the cone is on the base of a cylmder of radius a and its 
axis is a generator of the cylinder, find the area of the cylindrical surface 
below the cone. 

10* In Ex. 9 find the area of the conical surface within the cylmder. 

11. In Ex. 9 find the volume of the cylmder below the cone. 

12. The vertex of a cone is on the surface of a sphere of radius a and 
its axis is tangent to the sphere. If the vertical angle of the cone is 
2 ccj find the area of its surface within the sphere. 
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102. Pressure. — The pressure of a liquid upon a hori¬ 
zontal area is equal to the weight of a vertical column of the 
liquid having the area as base and reaching to the surface. 
By the pressure at a point P in the liquid is meant the 
pressure upon a horizontal surface of unit area at that point. 
The volume of a column of unit section and height h is h. 
Hence the pressure at depth h is 

p = wh, (102a) 


w being the weight of a cubic unit of the liquid. 

To find the pressure upon one side of a vertical plane 
area (Fig. 102a)-, we make use of the fact that the pressure 
at a point is the same in all direc¬ 
tions. The pressure upon the strip 
AB parallel to the surface is then 
approximately 

p AA, 

p being the pressure at any point 
of the strip and AA its area. The 
reason for this not being exact is 
that the pressure at the top of 
the strip is a little less than at 
the bottom. This difference is, however, infinitesimal, and, 
since it multiplies AA, the error is an infinitesimal of higher 
order than AA. The total pressure is, therefore, 

p = lim ^ p aA = fp dA ^ w fh dA. (102b) 



Fig 102a. 
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Before integration dA must be expressed in terms of k. 
The limits are the values of h at the top and bottom of the 
submerged area. In case of water the value of w is about 
62.5 lbs. per cubic foot. 



Fig 102b. 


Example. Find the water pressure upon a semicircle of 
radius 5 ft., if its plane is vertical and its diameter in the 
surface of the water. 

In this case the element of area is 

tU = 2 V25 - dh. 

Hence 

P = wJhdA = 2 wj\ V25 - h? dh 
= 2 .^ w (62.5) = 5208.3 lbs. 


EXERCISES 

1. Find the pressure sustained by a rectangular floodgate 10 ft. 
broad and 8 ft. deep, the upper edge being in the surface of the water. 

2. Find the pressure on the lower half of the floodgate in the pre¬ 
ceding problem. 

3. Find the pressure on one side of a triangle of base b and altitude hj 
submerged so that its vertex is in the surface of the water, and its 
altitude vertical. 

4. Find the pressure upon a triangle of base 6 and altitude A, sub¬ 
merged so that its base is in the surface of the liquid and its altitude 
vertical. 

6. A square of edge 4 ft. is submerged with one diagonal vertical and 
its upper end in the surface of the water. Find the pressure on one 
side of the square. 

6. Find the pressure on a semi-ellipse submerged with one axis (of 
length 2 a) in the surface and the other (of length 2 h) vertical. 
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7. Find the pressure on a parabobc segment of base 2 b and altitude 
k, if the vertex is at the surface and the axis is vertical. 

8. A vertical masoniy dam is in the form of a trapezoid 300 ft. long 
at the surface, 200 ft. at the bottom, and 60 ft. high. What pressure 
must it withstand? 

9. One end of a water main 3 ft. in diameter is closed by a vertical 
bulkhead. Find the pressure on the bulkhead if its center is 50 ft. 
below the surface of the water. 

10. Find the pressure on one end of a cylindrical tank 4 ft. in diam¬ 
eter if its axis is horizontal and the tank is filled with water under a 
pressure of 2 lbs. per square foot at the top. 

11. A rectangular tank is half filled with water and above this is oil. 
If oil is one-half as heavy as water show that the pressure on the sides 
is one-fourth greater than it would be if the tank were filled with oil. 

12. A rectangle of altitude a and base b has the edge of length b in 
the surface of the water. Find the pressure on one side of the rectangle 
if its plane is inclmed 30° to the vertical. 

103. Moment. — If a force F acts in a plane perpendicular 
to an axis AB (Fig. 103a) the moment of the force about the 
axis is the product 

M = FI, 

where I is the lever arm, or perpen¬ 
dicular distance, from the axis to 
the line of the force. If a body is 
acted on by several forces, the total 
moment about a given axis is the 
sum of the moments of the separate yiQ_ 203a. 

forces, a moment being considered 

positive when the force tends to produce rotation in one 
direction about the axis and negative when it tends to 
produce rotation in the other direction. 

The term moment is also applied to quantities other than 
forces, the moment in each case being the product of the 
magnitude of the quantity by its distance from an axis or 
plane. 

In case of a plane area or length divide it into small parts 
such that the points of each differ only infinitesimally in 
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distance from an axis in the plane. Multiply each part by 
the distance of one of its points from the axis, the distance 
being considered positive for points on one side of the axis, 
negative for points on the other side. The limit approached 
by the sum of these products when the parts are taken 
smaller and smaller is called the moment of the length or 
area with respect to the axis. 

S imilar ly, to find the moment of a length, area, volume,’ 
or mass in space with respect to a plane, we divide it into 
elements whose points differ only infinitesimally in distance 
from the plane and multiply each element by the distance 
of one of its points from the plane, these distances being 
considered positive for points on one side of the plane and 
negative for points on the other side. The moment with 

- respect to the plane is the 

limit approached by the 
sum of these products 
when the elements are 
AA taken smaller and smaller. 
Example 1. A rect¬ 
angular floodgate is 10 ft. 
broad and 8 ft. deep. 
Find the moment of the 
water pressure about the base line if the water level is at 
the top of the gate. 

Divide the rectangle into strips of width Ah by horizontal 
lines. Neglecting infinitesimals of higher order than Ah, 
the pressure on the strip (Fig. 103b) is 

wh AA = wh ' 10 Ah. 

The pressure being perpendicular to the area, its lever arm 
about the base line is 

I = 8-h. 

Hence its moment about the base line is approximately 
10 wh (S — h) Ah 


8 


h 






10 


Fig. 103b. 
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and the total moment is 

lim V 10 wh (8 — A) AA = f 10 wh (8 — h) dh — 853J w. 
M-W) ^0 Jo 

Example 2. In the preceding example find the moment 
of the area about the base line. 

The strip between the depths A, A + AA has the area 

AA = 10 £Ji. 

All points in this strip are at distance approximately 

l = 8-h 

from the base line. Except for infinitesimals of higher order, 
the moment of this strip is then 

lAA==10iS-h)Ak 

and the total moment is 

Urn y® 10 (8 ~h) Ah= plO (8 -h)dh^ 320. 

M-^o ■^0 Ja 

104. Center of Gravity of a Length, Area, or Mass in a 
Plane. — The center of gravity is defined as the point at 
which the length, area, or mass could be concentrated with¬ 
out changing its moment with respect to any axis in the 
plane. 

Let C (x, y) be the center of gravity of a mass. This 
may be the mass of a thin -wire bent around a curve or the 
mass of a thin plate overljung an area. Cut the mass into 
pieces and let x, y be the coordinates of the center of gravity 
of the piece of mass Am. The moment of this piece about 
the x-axis is yAm and the total moment of the whole body 
about the x-axis is 


lim 

Aot—»0 


yAm —J*y dm. 
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The mass of the body is 


M = 



If this were concentrated at the center of gravity, its moment 
with respect to the rc-axis would he My. By definition, we 
must then have 


whence 


Similarly 



(104a) 


(104a) 



In case of a thin wire (Fig. 104a) 

dm = pds 

where p is the mass per unit length and ds is the element 
of arc. In particular, if p is constant, it may be canceled 
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from numerator and denominator, leaving 



(104b) 


This is the center of gravity of the arc AB. The limits 
(not indicated) are the values at A and B of the variable 
in terms of which the integral is expressed. 

In case of a thin plate 


dm = p dA, 



where p is the mass per unit area and dA is the element of 
area. In particular, if p is constant, it may be canceled 
from the integrals, leaving 

z dA 
- 

JdA 

In these integrals z, y axe the coordinates of the center ©f 
gravity of the element dm or dA. Before integration all 
quantities must be expressed in terms of a sin^e variable 
and proper limits introduced. The element of area is 



fydA 
y=-n — 

JiA 


(104c) 
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usually taken parallel to a coordinate axis, as in Figs. 104b 
and 104e, but any other form of element may be used if 
more convenient. 

If the body is symmetrical with respect to an axis, its 
moment with respect to that axis is zero and so its center 
of gravity is on an axis of symmetry. 



Example 1. Find the center of gravity of a thin wire of 
uniform density and cross section bent into a quadrant of 
a circle of radius o. 

In this case 2 * + 2/® = 


ds = Vda:® + dy^ = -dx, 

V 

and 7| 
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It is evident from the symmetry of the figure that x has the 
same value. 

Example 2. Find the center of gravity of the area of 
a semicircle of radius a. 

From symmetry it is evident that the center of gravity 
is on the y-axis (Fig. 104e). Take the element of area 
parallel to OX. Then dA =■ 2 xdy and 



Fig. 104e. Fig. 104f. 


Example 3. Find the center of gravity of the area boimded 
by the x-axis and the parabola y ■= 2 x — x^. 

Take the element of area perpendicular to OX (Fig. 104f). 
If X, y are the coordinates of the top of the strip, its center of 
gravity is (x, J y) and its moment with respect to the ar-axis is 

= iy^ dx. 

The moment of the whole area about the x-axis is then 
J^y^dx= i (2x — dx — 
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The area is 



A = 

l^ydx = 

j* (2 X — x^) dx 

Hence 


iydA 2 


j 

' dA 

Similarly 


/*2 


[ xdA 

j (2 r®— r®) dx 

J 

f dA 

A 


as we might have anticipated since the figure is symmetrical 

with respect to the line x = 1. 

Example 4. A thin plate 
has the form of a square of 
side 2 a with a quadrant of 
a circle of radius a cut from 
one comer. Find its center 
of gravity. 

Cut the plate into strips by 
lines X = const. (Fig. 104g). 
The height of the strip depends 
on whether x is less than or 
= 0 and X ~ a the height is 



greater than a. 


Between x 

h = 2a — Va2 — 


Between x = a and a; = 2 a it is 

h — 2 a. 

Hence 


J*x dm — J* xph dx = J* px (2 a — Va® — dx 
+J' px ‘ 2a dx <= p(a^ — ^ + p (Z a^) = 
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The area (being the difference of a square and a quadrant 
of a circle) is 

A = 4 a® — 7 ct®. 

4 


Hence 


X = 





44 

3 (16 - x) 


From symmetry it is evident that y has the same value. 

Example 5. Find the center of gra\’ity of the area within 
the cardioid r = a (1 + cos 5). 

Use the polar element of area 

dA = J r® do. 

Such an element is approximately a 
triangle with center of gravity two- 
thirds of the way from the vertex to 
the base. 

The coordinates of this point are Fig 104b. 

a; = I r cos 0, y = | r sin 0, 



Hence 


X 



I 


'2ir 1 

^a^(l + COS 0)® COS e dd 
0 o 


^^'~a®(i + coseyde 



By symmetry it is clear that y = 0. 

106. Center of Gravity of a Length, Area, Volume, or 
Mass in Space. — The center of gravity is defined as the 
pnint. at which the mass, area, length, or volume can be 
concentrated without changing its moment with respect to 
any plane. 
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Thus to find the center of gravity of a solid mass (Fig. 105a) 
cut it into slices of mass Am. If (x, y, z) is the center of 
gravity of the slice, its moment with respect to the a:j/-plane 
is z Am and the moment of the whole mass is 

lim ^ 2 Am = / z dm. 

If the whole mass M were concentrated at its center of 
gravity (x, y, z), the moment with respect to the ajy-plane 
would be 2 M. Hence 


zM = 



or 




( 105 ) 


Similarly, 






Chap. XV. PHYSICAL APPLICATIONS 193 

The mass of a unit volume is called the density. If th e n 
dv is the volume of the element dm and p its density, 

dm = pdv. 

To find the center of gra’vdty of a length, area, or volume 
it is merely necessary to replace M in these formulas by s, 
S, or V. 

Example 1. Find the center of gra\’ity of the volume of 
an octant of a sphere of radius a. 

The volume of the slice (Fig. 105a) is 

dv — \ irx^ dz = (c? — z^) dz. 


Hence 

Jzdv =J‘^ ^TT (a* — 2 *) a dg = 

The volume of an octant of a sphere is | ira?. Hence 

5 _ /if! . = ?a 

V TT , 8 ' 

6 “' 

From symmetry it is evident that x 
and y have the same value. 

Example 2. Find the center of 
gravity of a right circular cone whose 
density is proportional to the distance 
from its base. Fig lOob. 

Cut the cone into slices parallel to 
the base. Let y be the distance of a slice from the base. 
Except for infinitesimals of higher order its volume is nrx- dy, 
and its density is ky where k is constant. Hence its mass is 



Aw = kTX^y dy. 
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T 

By similar triangles ^ — v)- Hence 

S ^ ~ y)Vc?y = 

M = Jdm = (h — yYy dy = 


kirr^h? 

liTtr-h^ 
12 • 


Therefore, finally, 



J/ 


2 

5 


A. 


EXERCISES 

1. The wind produces a uniform pressure of p lbs. per square foot 
on a door b ft. wide and h ft. high. Find the moment tending to turn 
the door on its hinges. 

2. Find the moment of the pressure on a vertical floodgate of 
width b and height h about a horizontal line through its center when the 
water level is at the top of the gate. 

3. Find the moment about the base line of the pressure on the dam 
in Ex. 8, page 183. 

4. Weights of 1, 2 and 3 pounds are placed at the points (0, 0), (2,1) 
and a, 3). Find their center of gra\nty. 

6. A cube of side 1 ft. and a cube of side 2 ft. are placed with their 
centers 3 ft. apart. If they are made of the same material, find their 
center of gravity. Make direct use of the fact that each cube can be 
considered as concentrated at its center. 

6. A uniform wire is bent into a semicircle of radius a. Find its 
center of gravity. 

7. Find the center of gravity of the arc of the curve 

9 = (2 a: - 1)3 


cut off by the line a: = 5. 

8* A thin triangular plate of constant density and thickness has a 
base b and altitude h Find the distance of its center of gravity from 
the base. 

9. Find the center of gravity of a uniform plate having the form of 
a quadrant of a circle of radius a. 

10. Find the center of gravity of the area cut from the parabola 

= oar by the line a; « a. 



Chap. XV. PHYSICAL APPLICATIONS 195 

11. Find the center of gravit}” of the area bounded by the x-axis and 

the parabola y ^ 

12. Find the center of gra^dty of the area bounded by the parabolas 

= ax, X“ = ay. 

13. Find the center of gravity of the area above the x-axis bounded 
by the ellipse 


14. The two arms of a steel square are respectively 2 inches and IJ 
inches wide. If the outer edges are 24 inches and 12 inches long, find 
its center of gravity. 

15. From a semicircle of radius 6, a semicircle of radius a, with the 
same center, is cut. Find the center of gravity of the area left. 

16. A thm plate has the form of a sector of a circle of radius a and 
central angle 2 a. Find its center of gravity. 

17. Fmd the center of gravity of a thin plate covermg the area be¬ 
tween the x-axis and one arch of the cycloid 

X = a{4> — sin 0), y = afl — cos 

18. Fmd the center of gravity of a umform wire bent in the form of 
the arch of the cycloid in the preceding problem 

19. Fmd the center of gravity of a hemispherical solid of constant 
density. 

20. Find the center of gravity of a right circular cone of constant 
density. 

21. From a cylinder of radius a and altitude h a cone of the same base 
and altitude is cut. Find the center of gravity of the remaining volume. 

22. The area bounded by the parabola = 4 ax and the Ime x = 2 a 
is rotated about the x-axis. Fmd the center of gravity" of the resultmg 
volume. 

23. The area above the x-axis bounded by the parabola — 4: ax 
and the line x “ 2 a is revolved about the y-axis. Fmd the center of 
gravity of the resultmg volume. 

24. A hemisphere of radius a and a right circular cone have the same 
base and altitude. Find the center of gravity of the volume between 
the two surfaces 

26. A hemispherical shell of constant density has an inner radius a 
and an outer radius 6. Fmd its center of gravity. 

26. Find the center of gravity of a thin shell covering the curved 
surface of a hemisphere of radius a. 

27. Find the center of gravity of a thin shell covering the curved 
surface of a right circular cone of altitude h. 
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28. The base of a p 3 Taniid is a square of side a and the verte.x is on 
the iierpendieular to the base at one comer. Find the datance of the 
center of gravitj' of the pjTamid from one of the side planes through 
that comer. 

29. A wedge is cut from a right circular cj’linder of radius o by a 
plane tangent to the base and making an angle a. with the base. Find 
the distance of the center of gravitj’ of the wedge from the base. 


106. Moment of Inertia. — The moment of inertia of a 
particle about an axis is the product of its mass and the 
square of its distance from the axis. 

To find the moment of inertia of a continuous mass, we 
divide it into parts such that the points of each differ only 
infinitesimally in distance from the axis. Let Am be such 
a part and 22 the distance of one of its points from the axis. 
Except for infinitesimals of higher order, the moment of 
inertia of Am about the axis is W Am. The moment of 
inertia of the entire mass is therefore 


I = lim 

Ain-->0 


'^B^Am = J 


dm. 


(106) 


By the moment of inertia of a length, area, or volume, we 
mean the value obtained by using the differential of length, 

area, or volume in place of dm in 
equation (106). 

Example 1. Find the moment 
of inertia of the area of a circle 
about a diameter of the circle. 

Let the radius be a and let the 
ar-axis be the diameter about which 
the moment of inertia is taken. 
Divide the area into strips by lines 
parallel to the x-axis. Neglecting infinitesimals of higher 
order, the area of such a strip is 2 x Ay and its moment 
of inertia 2 xy® Ay. The moment of inertia of the entire 
area is therefore 








/ y 



1 ^ 

J ^ 


Fig. 106a. 


I =j*2xfdy = 2j^ Va® — 


r2 fJot = 


wQr 

T 
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Example 2. Find the moment of inertia of a right circular 
cone of constant density about its axis. 

Let p be the density, h the altitude, and a the radius of 


the base of the cone. Divide 
it into hollow cylindrical slices 
by means of cylindrical sur¬ 
faces having the same axis as 
the cone. By similar triangles 
the altitude y of the cylindrical 
surface of radius r is 

y=-(a-r). 

Neglecting infinitesimals of 
higher order, the volume be¬ 
tween the cylinders of radii r 
and r 4- Ar is then 

Aw = 2 irry Ar = 



— r (a — r) dr. 


The moment of inertia is therefore 

^ ~S ~ J'~ ~ ^ ■ 

The mass of the cone is 


M = pw = f irpci^h. 


Hence 


I — Md?, 


EXERCISES 

1. The sides of a rectangle are a and h. Find the moment of inertia 
of its area about the side of length a. 

2. Find the moment of inertia of a triangle of base 6 and altitude A 
about the axis through its vertex parallel to its base. 
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3. Find the moment of inertia of a triangle of base h and altitude h 
about its base. 

4. Find the moment of inertia about the a;-axis of the area bounded 
by the x-axis and the curve 7/ = 4 — 

6. Fmd the moment of inertia about the 2 /-axis of the area bounded 
by the parabola z/* = 4 aj: and the line x — a. 

6. A thin circular plate has a radius a and mass M. Fmd its moment 
of inertia about a diameter, 

7. Find the moment of mertia of a uniform wire of mass 3/ and length 
I about an axis perpendicular to the wire at one end. 

8. A uniform wire of mass M is bent into a circle of radius a. Fmd 
its moment of mertia about a diameter of the circle, 

9. Find the moment of inertia of the area of a circle about the axis 
perpendicular to its plane at its center. (Divide the area into rings 
with centers at the center of the circle.) 

10. Show that the moment of inertia of a plane area about the axis 
perpendicular to its plane at the origin is equal to the sum of its moments 
of inertia with respect to the coordinate axis. Use this to find the 
moment of inertia of a thm square plate of mass M and side a about 
the axis perpendicular to its plane at its center. 

11. By the method of the preceding problem find the moment of 
inertia of the area of the ellipse 


^ 1 


about the axis perpendicular to its plane at its center. 

12. Find the moment of inertia of a cylinder of mass M and radius a 
about its axis. 

13. The rim of a flywheel has inner and outer radii ri, r 2 and its mass 
is M. Find its moment of inertia about its axis. 

14. From a right circular cylinder a right cone of the same radius and 
altitude is cut. If the radius is a and the altitude is /i, find the moment 
of inertia of the remaining volume about the axis of the cylinder. 

16. A volume is generated by rotating about the x-axis the area 
bounded by the parabola ^ « 4 ax and the line x — 2 a. Find its 
moment of mertia about the x-axis. 

16. Find the moment of inertia of a spherical ball of radius a and 
mass M about a diameter. 

17. A torus is generated by revolving a circle of radius a about an 
axis in its plane at distance 6 (greater than a) from its center. Find 
the moment of inertia of its volume about its axis, 

18. A thin conical shdl of constant thickness has an altitude h, radius 
of base a, and mass If. Find its moment of inertia about its axis. 
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19. A thin spherical shell has a radius a and mass ilf. Find its 
moment of inertia about a diameter. 

20. The kinetic energy of a moving mass is 

dm, 

where v is the velocity of the element of mass dm. Find the kinetic 
eneig;y'’ of a homogeneous cylinder of radius a and mass M rotating with 
angular velocity to about its axis. 

21. Find the kinetic energy of a homogeneous sphere of radius a and 
mass .1/ rotating with angular velocity a about a diameter. 


107. Work Done by a Force. — Let a force be applied to 
a body at a fixed point. When the body moves work is done 
by the force. If the force is constant, the work is defined as 
the product of the force and the distance the point of appli¬ 
cation moves in the direction of the force. That is, 

W = Fs, (107a) 


where TF is the work, F the force, and s the distance moved 
in the direction of the force. 


If the direction of motion does not 
coincide T\ith that of the force, the 
work done is the product of the force 
and the projection of the displace¬ 
ment on the force. Thus when the 



Fig 107a 


body moves from A to B (Fig. 107a) the work done by the 
force F is 


TF = Fs cos 9. 


(107b) 


If the force is variable, we divide the path into parts As. 
In moving the distance As, the force is nearly constant and 
so the work done is approximately F cos 6 As. As the in¬ 
tervals As are taken shorter and shorter, this appro.ximation 
becomes more and more accurate. The exact work is then 
the limit 

W = lim F cos 6 As = f F cos 6 ds. (107c) 
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To determine the value of W, we express F cos 6 and ds 
in terms of a single variable. The limits of integration are 
the values of this variable at the two ends of the path. If 
the displacement is in the direction of the force, 6 = 0, 
cos ^ = 1 and 



Fra. 107b. Fig. 107c 


Example 1. The amount a helical spring is stretched is 
proportional to the force applied. If a force of 100 lbs. is 
required to stretch the spring 1 inch, find the work done in 
stretching it 4 inches. 

Let« be the number of inches the spring is stretched. The 


force then is 



The work done in stretching the spring 4 inches is 




100 sds = 800 inch pounds = 66| foot pounds. 


Example 2. A gas is confined in a cylinder with a movable 
piston. Assamixig Boyle’s law pv = h, find the work done by 
the pressure of the gas in pushing out the piston (Fig. 107d). 





Chap. XV. 


PHYSICAL APPLICATIONS 


201 


Let V be the volume of gas in the cylinder and p the pressure 
per unit area of the piston. If A is the area of the piston, 
TpA is the total pressure of the gas upon it. If s is the distance 
the piston moves, the work done is 



But A ds = dv. Hence 

W = f pdv = f -do = A'In — 

is the work done when the volume e.xpands from vi to t’j. 

Example 3. The force with which an electric charge ei 
repels a charge at distance 
r is 

1*6162 


where k is constant. Find the 
work done by this force when 
the charge 62 moves from r = a to r = h, ei remaining fi.xed. 

Let the charge 62 move from A to B along any path AB 
(Fig. 107e). The work done by the force of repulsion is 

W =J Fcoseds =J'Fdr= 

The work depends only on the end points A and B and not 
on the path connecting them. 

EXERCISES 

1. According to Hooke’s law the force required to stretch an elastic 
rod of natural length a to the length a + ® is 

kx 
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where k is constant. Find the work done in stretching the rod from 
the length a to the length 6. 

2. A gas is confined in a cylinder by a movable piston. Assuming 
that the pressure p (pounds per square inch) and the volume v (cubic 
inches) occupied by the gas satisfy Boyle's law, 

pv = k, 

where k is constant, find the work required to compress 100 cu. in. of 
air at atmospheric pressure (14.7 lbs. per square inch) to a volume of 
10 cu. in. 

3. When a gas is compressed adiabatically (that is, without receivmg 
or giving out heat), its pressure and volume satisfy the equation 

pv^ = const., 

where y in case of air is about 1.4. Find the work done in the adia¬ 
batic compression of 100 cu. in. of air from atmospheric pressure to a 
volume of 10 cu. in. 

4. If A is at an altitude of h ft. above B (but not vertically above 
5), show that the work done by gravity when a weight of W lbs. is 
moved along any path from A to B is Wh ft.-lbs. 

6. A cylmdrical cistern of diameter 4 ft. and depth 8 ft. is full of 
water. Find the work required to pump the water over the top. Con¬ 
sider the process as equivalent to lifting the water to the top one in¬ 
finitesimal layer at a time. 

6. A particle P is attracted toward a fixed point 0 with a force equal 
to hr, where k is constant and r the distance from 0 to P. Find the 
work done by this force when the particle moves from a position where 
r — a to a position where r = 6. 

7. Assuming that the force of gravity on a mass m at distance r from 
the center of the earth is 



where h is constant, find the work done by gravity on a 10-Ib. body 
when it moves from an indefinitely great distance to the surface of the 
earth. Use the known force at the surface of the earth to calculate the 
constant 

8. Inside the earth a particle is attracted toward the center with a 
force proportional to its distance from the center. Find the work 
required to lift a 10-lb. body from the center to the surface of the earth. 

9. A vertical shaft is supported by a fiat step bearing (Fig. 107/). 
The frictional force between a small part of the shait and the surface 
of the bearing is jiP , where P is the pressure between the two and /* is 
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constant. If the pressure per unit area is the same at all points of the 
supportmg surface, and the weight of the shaft and its load is TT, find 
the work done by the frictional forces durmg each revolution of the 
shaft. Divide the surface of the shaft into infinitesimal rings and com¬ 
pute the work done on each ring. 

10. When an electric current flows a 
distance x through a homogeneous con¬ 
ductor of cross section A, the resistance is 

A 

where & is a constant depending on the 
material, Fmd the resistance when the 
current flows from the inner to the outer 
surface of a hollow cylinder, the inner radius 
being a, the outer radius &, and the alti¬ 
tude K 

11. Find the resistance when the current 
flows from the inner to the outer surface of a hollow sphere, the two 
radii being a and b. 

108. Mean Value of a Function. — Between x ^ a and 
a? = 6 let 

y = fix) 

be a continuous function of x. Divide the interval b-a into 
n equal parts 



n 


and let yo, yi, t/ 2 , • • •, -1 be the values of y at x = a and 

the points of division. The average value of these n num¬ 
bers is 

yo + yi + 3/2 +- h Vn-i 

n 

Multiplying numerator and denominator by Ax, this fraction 
becomes 

yo Ax + yi Ax -I- h y.-i Ax _ ^ _ '^Ifjx) Ax 

jiAx 6-a b-a 
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When n is indefinitely increased this average value ap¬ 
proaches the limit 

^£mdx, ( 108 ) 

which is called the mean valve of f(x) between x = a and x = b. 



This may be considered as a sort of average of all the 
ordinates of the curv'e y = /(x) between x = a and x~b but it 
should be noted that the result depends on the variable x in 

terms of which y is ex¬ 
pressed. In the above 
discussion we have taken 
ordinates at equal inter¬ 
vals along the x-axis and 
have obtained as final 
result the mean value of 
y with respect to x. If 
y is also expressible in 
terms of some other vari¬ 
able t and we take ordinates at equal intervals Af the result¬ 
ing mean with respect to t need not have the same value. 

The mean value is graphically represented as the height 

1 
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of the rectangle having the same base and area as the region 
ABCD bounded by the a^^xis, the curve y — f{x) and the 
ordinates z = a, x = b. 

Example. Find the mean value of the perpendiculars 
from a diameter of a semicircle to its circumference, assuming 
the perpendiculars drawn 
at equal distances along 
the circumference. 

Let s be the arc from 
A (Fig. 108c) to the vari¬ 
able point P on the cir¬ 
cumference. Since the 
perpendiculars are taken 
at equal intervals along 

the circumference, we must average with respect to s. The 
mean value required is therefore 



where a is the radius. If d is the angle subtended at the 
center by the arc s, 

y = a sin ff, s = ad. 

Hence the above expression is equivalent to 

a r*" . , 2o 
— I sm 6 d$ = —. 
ttJo Tt 

109. Theorems of Pappus. — Theorem I. — If the arc of 

a plane curve is revolved aboiU an axis in its plane and not 
crossing the arc, the area generated is equal to the product of 
the length of the arc and the length of the path described by its 
center of gravity. 

Let the arc be rotated about the a>-axis. The ordinate of 
its center of gravity is 

yds 
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where s is the length of arc. Consequently 


2 irys 



2 Try ds. 


The right side of this equation represents the area generated. 
Also 2 Try is the length of the path described by the center 
of gravity. This equation therefore expresses the result 
to be proved. 



The area can be considered as a sum of strips each gen¬ 
erated by a small piece of the arc. The area of such a strip 
is the product of its width and circumference. The theorem 
states that the average circumference of the strips is that 
described by the center of gravity of the arc. 

Theorem H. If a plane area is revolved about an axis in 
its plane and not crossing the area, the volume generated is 
equal to the prodvat of the area and the length of the path de¬ 
scribed by its center of gravity. 

Let the area be revolved about the a>axis. Cut the area 
A into strips dA parallel to the ar-axis. The ordinate of the 
center of gravity is 




whence 
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The right side of this equation represents the volume gen¬ 
erated. Also 2iry is the length of the path described by 
the center of gravity. This equation therefore expresses 
the result to be proved. 

The volume may be 
considered as a sum of 
rings each generated by 
a small piece of the area 
A. The volume of any 
one ring is the product 
of its circumference and 
area of section. The 
theorem expresses that 
the mean or average cir- ' Pig I 09 b. 

cumference of all the 
rings is that described by the center of gravity . 

Exam-pie 1. Find the area of the torus generated by 
revolving a circle of radius a about an axis in its plane at 
distance 6 (greater than a) from its center. 

Since the circumference of the circle is 2 tto and the length 
of the path described by its center 2 irh, the area generated is 



5 = 2 TTO • 2 ir6 = 4 irah. 

Example 2. Find the center of gravity 
of the area of a semicircle by using 
Pappus’s theorems. 

When a semicircle of radius a is re¬ 
volved about its diameter, the volume of 
the sphere generated is f xa®. If y is 
the distance of the center of gravity of 
the semicircle from this diameter, by the first theorem of 
Pappus, 

^ ira® = 2 xyA = 2 xy • § xa*, 



Fig. 109c. 


y = 


f xa® _ 4 a 
x®a® 3 X * 


whence 
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Example 3. Find the volume generated by revolving the 
cardioid r = a (1 + cos 6) about the initial line. 

The area of the triangle OPQ is approximately 

\ r* A0, 


and its center of gravity is f of the distance from the vertex 

to the base. Hence 

^ = I r sin 0. 


By the second theorem of Pappus, 
the volume generated by OPQ is 
then approximately 

2 ny AA = I nr® sin 0 A0. 

The entire volume is therefore 





+ cos dy sin (9 fW 


=[-i 


2 , (1 + cos 8 


Tva 


T = ~ 

.0 3 


*7ra^. 


EXERCISES 

1, Find the mean value of the lengths of the perpendiculars from the 
diameter of a semicircle to its circumference, assuming the perpendicu¬ 
lars drawn at equal distances along the diameter. 

2* Find the mean value of the ordinates y ^ smx between a: = 0 
and X — 7 if the ordinates are taken at equal distances along the x-axis. 

3. A body falls from rest. Find its mean velocity during the first t 
seconds, if the average is taken with respect to the time. Show that 
the distance it falls is equal to this mean velocity multiplied by the 
time. 

4. A body falls from rest. Find the mean velocity during the first 
i seconds if the average is taken with respect to the distance. Use the 
formula s = J gri* to express the integral in terms of the time. 

5* A cubic foot of air is compressed from atmospheric pressure (14.7 
lbs. per sq. in.) to one-tenth its initial volume. If the gas satisfies 
Boyfe’shwpi^ »» X;, find the mean pressure, the average being taken with 
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respect to the volume. Show that the work required to compress the 
gas is this mean pressure multiplied by the change of volume. 

6. A current of i amperes flowing through a resistance of H ohms 
produces heat at the rate of SP joules per second. Find the average 
rate at which heat is produced by an alternating current 

i = A sin (cat) 

2 

during one cycle (i ^ 0 to t — Find the steady current I which 

CxJ 

produces the same total heat during one cycle. 

7. A body is cut into a large number of small particles of equal mass. 
When the number of particles is increased mdefinitely show that their 
average distance from any plane approaches the distance of the center 
of gravity from that plane. 

8. Let b (greater than a) be the distance from a pomt Q to the center 
of a sphere of radius a and r the distance from Q to a variable point P 
on the surface of the sphere. Find the average value of 

1 

r 


if the points P are spread uniformly over the surface of the sphere. 

9. B}’' using the theorems of Pappus find the lateral area and the 
volume of a right circular cone 

10. Find the volume of the torus generated by revolving a circle 
of radius a about an axis in its plane at distance b ^greater than a) from 
its center. 

11. A groove with cross section an equilateral triangle of side mch 
is cut around a cyhndrical shaft 6 inches m diameter. Find the volume 
of material cut away. 

12. The length of an arch of the cycloid 

X “ a(4> — sin 4), y ~ a(l — cos 0 ) 


is 8 a and the area generated by revolving it around the x-axis is -g- ttu*. 

Find the area generated by revolving the arch about the tangent at 
its highest point. 

13. Show that the pressure on a submerged plane area is equal to 
the product of its area by the pressure at its center of gravity. 

14. By the method of Ex. 3, page 208, find the volume generated by 
rotating a circular sector of radius a and central angle a about one of 
its bounding radii. 
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15. By the method of the preceding problem find the volume gen¬ 
erated by rotating the cardioid 

r « a(l + sin 0) 


about the initial line. 

16. Find the center of gravity of the volume in Ex. 14. Use the 
hollow conical slices generated by the polar elements of area and the 
fact that the center of gravity of a cone is three-fourths of the way from 
its vertex to its base. 
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110. Functions of Two or More Variables. — A quantity 
u is called a function of two independent variables x and y, 

u=fix, y), 

if u is determined when arbitrary values (or values arbitrary 
within certain limits) are assigned to x and y. 

For example, 

u — Vl — s* — y® 

is a function of x and y. If «is to be real, x and y must be so 
chosen that + y* is not greater than 1. Within that 
limit, however, x and y can be chosen independently and a 
value of u will then be determined. 

In a similar way we define a function of three or more in¬ 
dependent variables. An illustration of a fimction of vari¬ 
ables that are not independent is furnished by the area of a 
triangle. It is a function of the sides a, h, c and angles A, B, 
C of the triangle, but is not a function of these six quantities 
considered as independent variables; for, if values not be¬ 
longing to the same triangle are given to them, no triangle 
and consequently no area will be determined. 

The increment of a function of several variables is its in¬ 
crease when aU the variables change. Thus, if 

u = f(x, y), 

u + Au = f (x + Ax, y -f Ay) 

and so 

Au= f {x + Ax,y + Ay) — f (x, y). 

A function is called continuous if its increment approaches 
zero when the increments of aU the variables approach zero. 

211 
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111. Partial Derivatives. — Let 

fix, y) 

be a function of two independent variables x and y. If we 
keep y constant, w is a function of x. The derivative of this 
function wnth respect to x is called the partial derivative of u 
with respect to x and is denoted by 

~ or fAx,y). 


Similarly, if we differentiate with respect to y with x con¬ 
stant, we get the partial derivative with respect to y denoted 
by 


dy 


or 


For example, if 


then 


du 

dx 


u^x^ + xy — y^, 


2x + y, 



2y. 


Likewise, if « is a function of any number of independent 
variables, the partial derivative with respect to one of them 
is obtained by differentiating with the others constant. 

112. Hi gh er Derivatives. — The first partial derivatives 
are functions of the variables. By differentiating these 
functions partially, we get higher partial derivatives. 

For example, the derivatives of with respect to x and y 


are 

d fd 


dhi 


dx \a, 

x)~ dx?' dy Var 

/ dy dx 

Similarly, 

a /a 

v\_dhi a /i 

du\ _ dhi 


dx va 

y)~dxdy' dy\ 

dy) dy^ 


It can be shown that 

dhi _ 

dxdy ~ dydx' 
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if both derivatives are continuous, that is, 'partial derivatives 
are independent of the order in which the differentiatiom are 
performed* 

Example, u ~ x^y + xy\ 

^~2xy + -s/‘, g_i!+2a!y. 

^ = ^( 20 :!,+!,=) =2i,, ^ = ^(2x!,+y»)= 2a!+2y. 


113. Dependent Variables. — It often happens that some 
of the variables are functions of others. For example, let 

•u = X® + 


and let z be a function of x and y. When y is constant, z will 
be a function of x and the partial derivative of u with respect 
to X will be 


du 

dx 


2x + 2 z 


dz 

dx' 


Similarly, the partial derivative with respect to y with x con¬ 
stant is 


du 

dy 


2y + 2z 


dz 

dy' 


If, however, we consider z constant, the partial derivatives 
are 



— 

dy 


= 2 y. 


The value of a partial derivative thus depends an what quantities 
are kept constant during the differentiation. 

The quantities kept constant are sometimes indicated by 
subscripts. Thus, in the above example 



2x 4-2zf2, 

u3/ 



2x-\-2y 


dx 


* For a proof see Wilson, Adoancei Calcidua,^ 50. 
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It will usually be clear from the context what independent 
variables u is considered a function of. Then will repre¬ 
sent the derivative with all those variables except x constant. 
Example. If a is a side and A the opposite angle of a right 



triangle with hypotenuse c, find 



From the triangle it is seen that 
a = c sin A. 


Differentiating with A constant, we get 


da , . 

— = sm^, 
dc ’ 


which is the value required. 

114. Geometrical Representation. — Let z = f(x, y) be 
the equation of a surface. The points with constant y- 
eobrdinate form the curve AB (Fig. 114a) in which the plane 
y = constant intersects the surface. In this plane z is the 
vertical and x the horizontal coordinate. Consequently, 

— 

dx 


is the slope of the curve AB at P. 

Similarly, the locus of points with given x is tne curve CD 
and 

dz 

is the slope of this curve at P. 

Example. Find the lowest point on the paraboloid 

z = + — 2x — 4y + 6. 

At the lowest point, the curves AB and CD (Fig. 114b) wiU 
have horizontal tangents. Hence 

— ==2v — 4 = 0 
dy 


|i=2x-2 = 0, 

dx . 
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Consequently, x = 1, j/ = 2. These values substituted in 
the equation of the surface give z = 1. The point required 
is then (1, 2, 1). That this is really the lowest point is shown 
by the graph. 



EXERCISES 

In each of the following exercises show that the partial derivatives 
satisfy the equation given: 


1. M = 


x^ + 1/^ 


X + y ’ 

2. a = (x + a) (y + b), 

3. a = (i* + y=)", 

4. u = In (x® 4- xy + y*), 

e .a: 

0* w = - ^-r 

z X 

6. u “ tan"^ 


du , du 

z - V v — = w. 

dy 

dx dy "" 
dz dz 

du . du - 

X - tv — = 2. 

dx^^ dy 

du , du , du * 

sj+'s--"- 

Shi , . 

ax® ay® “ 
a®M I a^ , a®a _ * 
dx® ay® a;^ “ 


7. m = -==4=, 

Vx® + y» + a® 

In each of the following exercises verify that 
a®ti Shi 



216 


CALCULUS 


Chap. XVI. 


8 . 

X 


9. tt = In (x* + 2/*). 


10. tt — sin (a: + y). 

11. u s xyz. 


12 . Given v = Vx^ + y*+^, verify that 

dh' ff>v 


dx dy dz dz dy dx 

Prove the following relations assuming that 2 is a function of x and yi 


14, w = xyz^ 

16. u ** e® + e*' + e*, 


[ du du\ ( dz dz\ 

\dxdy dx dy) 


dhi 
dxdy 

^ds^ ^'dx^ 


dH 


d f du dz\ 

17. If * = r COB e, = r sin 6, show that 

= (A ' 


18. Let a and b be the sides of a right triangle with hypotenuse c and 
opposite angles A and B. Let p be the perpendicular from the vertex 
of the right angle to the hypotenuse. Show that 

{^\ =L’ f££\ 

\dajb c®’ \dajA c 

19. If X is the area of a triangle, a side and two adjacent an glea of 
which are c, A, B, show that 

{^\ 

\bA)c.B~ 2' \dB)c,A~T 

20. If K is the area of a trian^e with ades a, b, c, show that 

(dK\ a ^ . 

\dajb,c 2 

21. Find the lOwest point on the surface 

z = 2a? + !/^ + 8x —2y +9. 

22. Find the highest point on the surface 

2 = 2y--ai* + 2a^ — 2j/* + l. 


116. Increment. — Let u = f(x, 2 /) be a function of two 
independent variables x and y. When x changes to a; + A® 
and y to y + Ay, the increment of w is 

Am =fix + Ax,y + Ay) — f(x, y). (115a) 
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By the mean value theorem, Art. 146, 

SU + Ax, y 4- Ay) = /(x, y + Ay) + Ax/,(xi, y + Ay), 

Xi lying between x and x + Ax. Similarly 

/(x, y + Ay) = fix, y) + Ay//x, yj, 
yi Ijeing between y and y + Ay. Using these values in 
(115a), we get 

Au = Axfjxi, y + Ay) + Ay/j('x, yi). (115b) 
As Ax and Ay approach zero, Xi approaches x and yi ap¬ 
proaches y. If /x(x, y) and fy(x, y) are continuous, 

fxixi, y + Ay) = /,(x, 2/) + «i = 

fy(x, yi) = fiix, y) + €2 = + €2, 

€1 and 62 approaching zero as Ax and Ay approach zero. 
These values substituted in (115b) give 


All = Ax 4-Ay + 61 Ax -b 62 Ay. (115c) 


The quantity 


du , , du . 

— Ax 4- T" Ay 
dx dy 


is called the principal part of Am. It differs from Am by an 
amount ei Ax 4- €2 Ay. As Ax and Ay approach zero, 61 and 62 
approach zero and so this difference becomes an indefinitely 
small fraction of the larger of the increments Ax and Ay. 
We express this by sajdng the principal part differs from Au 
by an infinitesimal of higher order than Ax and Ay (Art. 46). 
When Ax and Ay are sufficiently small this principal part 
then gives a satisfactory approximation for Am. 

Analogous results can be obtained for any number of in¬ 
dependent variables. For example, if there are three inde¬ 
pendent variables x, y, z, the principal part of Au is 


du . , du . ,du 

^ Ax 4- Ay 4- ; 5 - Az. 
3x dy dz 


In each case, if the partial derivatives are continuous, the 
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principal part differs from Am by an amount which becomes 
indefinitely small in comparison with the largest of the in¬ 
crements of the independent variables as those increments 
all approach zero. 

Example. Find the change in the volmne of a cylinder 
when its length increases from 6 ft. to 6 ft. I in. and its diam¬ 
eter decreases from 2 ft. to 23 in. 

Since the volume is t; = rr% the exact change is 

= r (1 - A)® (6 + *) - T. P. 6 = -0.4133-cu. ft. 
The principal part of this increment is 

I Ar + II AA = 2 X r;i (- + 3- r* (1) = - 0.417 t cu ft. 

116. Total DifferentiaL — If w is a function of two inde¬ 
pendent variables x and y, the total differential of u is the 
principal part of Am, that is, 

(116a) 

This definition applies to any function of x and y. The 
particular values u — x and u = y give 

dx — Ax, dy — Ay; (116b) 


that is, the differentials of the independent variables are equal 
to their increments. 

Combining (116a) and (116b), we get 

du = ^dx +^dy. (116c) 


We shall show later (Art. 120) that this equation is valid even 
if X and y are not the independent variables. 


The quantities 




dyu = -^dy 


are called partial differentials. Equation (116c) expresses 
that the toted differential of a function is equal to the sum of the 
partial differentials obtained by Idling the variables change one 
at a time. 
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Similar results can be obtained for functions of any number 
of variables. For instance, if m is a function of three inde¬ 
pendent variables x, y, z, 

The particular values u = x, u = y, u = z give 
dx = Aar, dy = ly, dz = Az. 

The previous equation can then be written 

and in this form it can be proved valid even when x, y, z are 
not the independent variables. 

Example 1. Find the total differential of the function 
u = a:®^ ■+■ ary®. 

By equation (116c) 

j 5 m j , 9 m , 

= (2 xy + y") dx-^ (3? 2 xy) dy. 

Ex. 2. Find the error in the volume of a rect ang ul ar box 
due to small errors in its three edges. 

Let the edges be x, y, z. The volume is then 


V = xyz. 

The error in v, due to small errors Ax, Ay, Iz in x, y, z, is Ar. 
If the increments are sufficiently small, this will be approxi¬ 
mately 

dv = yz dx + xz dyxy dz. 

Dividing by v, we get 

dv _ yzdx+ xzdy + xydz 
V xyz 

_^,§y,dz^ 

~ X y z' 
dx 

Now— expresses the error as a fraction or percentage of x. 
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The equation just obtained expresses that the percentage 
error in the volume is equal to the sum of the percentage 
errors in the edges. If, for example, the error in each edge 
is not more than one per cent, the error in the volume is not 
more than three per cent. 

117. Calculation of Differentials. — In pro\’ing the for¬ 
mulas of differentiation it was assumed that u, v, etc., were 
functions of a single variable. It is easy to show that the 
same formulas are valid when those quantities are functions 
of two or more variables and du, dv, etc., are their total 
differentials. 

Take, for example, the differential of uv. By (116c) the 
result is 

d d 

diuv) = ~ (uv) <Ju + ^ (uv) dv — vdu-\- u dv, 


which is the formula IV of Art. 50. 

Example, u = ye* -}- ze^. 

Differentiating term by term, we get 

du — yei* dx + e* dy + ze'^ dy + dz. 

We obtain the same result by using (116d); for that formula 
gives 

+ (e* + ze^) dy + dz. 

118. Partial Derivatives as Ratios of Differentials. — 
The equation 

j j 

d„u = ~dx 


shows that the partial derivative ^ is the ratio of two dif- 

OX 

ferentials and dx. Now is the value of du when the 
same quantities are kept constant that are constant in the 

calculation of ^. Therefore, the partial derivative ^ is the 
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(lu 

value to which -y- reduces when du and dx are determined xeUh 
dx 

the same quantities constant that are constant in ike codcidaiion 
. du 

Example. Given u = + + y™ xyz, find ' 

Differentiating the two equations with v and z constant, 
we get 

du — 2 X dx -{■ 2 y dy, 0 = yzdx + xz dy. 
Eliminating dy, 

du = 2 X dx — 2 — dx = 2 (- - dx. 

Under the given conditions the ratio of dw to da; is then 

du _ 2 (ai^ — 
dx~ X 


Since v and z were kept constant, this ratio represents ; 
that is, 

(-) 

\3X/r,3 


^ 2 (x^ ~ y^) 
X 


EXERCISES 

1. The sides of a rectangle are a: = 10, ?/ = 12. If each of these is 
increased one unit, find the increment of the area and its principal part. 

2, One side of a right triangle increases from 5 to 5 2 while the other 
decreases from 12 to 11.5. Fmd the mcrement of the hypotenuse and 
its principal part. 

3. A box is 12 in. long, S in wide, and 6 m deep. If each edge is 
mcreased i in., find the mcrement of the volume and its prmcipal part. 

4, Two sides and the included angle of a triangle are 5 = 20, c = 30, 
A = 60°. By using the formula 

flS SS _ 2 &C cos Ay 

find approximately the change in a when b increases one unit, c de¬ 
creases i unit, and A mcreases 1 degree. 

6* The period of a simple pendulum is 

r =2irV/l. 

» 9 
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Pind the maximum error in T due to errors of 1% in I and g, 

6. If ^ is computed by the formula 

S = 

find the maximum error in g due to errors of 1% in s and L 

7. The area of a triangle is calculated by the formula 

K == I ah siaC. 

If C is approximately 30®, find the maximum error in K due to errors 
of 0.1% in a and 6 and 10 minutes in C. 

Find the total differentials of the followmg functions: 

8. 5 + K+£ 

9. xy sm (x + y). ' y z x' 

10 . xjj^z\ 

12. If X, y are rectangular and r, $ polar coordinates of the same 
point, show that 

X dy y dx ^ d$, dx^ + dy^ dr^ + 

13. li X u + V, y = u -- V, show that 

\0X/U \OX/v 

14. If « = ^ (e^ + e-9), ^ — e-6), show that 

(l). = (a- 

119. Derivative of a Fuaclion of Several Variables. — 
Let u = Six, y) and let x and y be functions of two variables 
s and t. "fVTien t changes to < + Ai, x and y will change to 
a; + Aa; and y + Ay. The resulting increment in u will be 

Au = ^ Aa: +Ay + €i Aa; + €2 Ay. 
Consequently, 

M dx By Lt A« ** Af ' 

As A/ approaches zero, Ar and Ay will approach zero and so 
Cl and €2 will approach zero. Taking the limit of both sides, 
Bu _du dx ■ Bu By 
Bt ~ Bx Bi"^ By Bt ' 


(119a) 
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If X or y is a function of t only, the partial derivative 


dx 
dt 

If both X 


or^is replaced by a total derivative ^ or ^. 

and y are functions of u is a function of t with total deriva¬ 
tive 


du _ dudx du dy 
dt dx dt dy dt' 


(119b) 


Likewise, if m is a function of three variables x, y, z, that 
depend on t, 


du _ du dx ■ du dy du dz 
dt ~dx'di^'^'m^dz'^' 


(119c) 


As before, if a variable is a function of t only, its partial de¬ 
rivative is replaced by a total one. Similar results hold for 
any number of variables. 

The term 


du dx 
dx dt 

is the result of differentiating u with respect to t, leaving all 
the variables in u except x constant. Equations (119a) and 
(119c) express that t/ u is a function of several variable quanti- 

ties, — can be obtained by differentiating with respect to t as if 

only one of those quantities were variable at a time and adding 
the results. 

Example 1. Given y = af, find ^. 

The function x® can be considered a function of two vari¬ 
ables, the lower x and the upper x. If the upper x is held 
constant and the lower allowed to vary, the derivative (as in 
case of x**) is 


X • = af. 
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K the lower x is held constant while the upper varies, the 
derivative (as in case of a*) is 

aflnx. 


The actual derivative of y is then the sum 

^ = a?* + af* In x. 
ax 


Ex. 2. Given u = f (x,y, z), y and z being fimctions of x, 

t. j du 

find J-- 
ax 

By equation (119c) the result is 

du __ du . du dy . du dz 
dx dx~^ dy dx~^ dz dx 


In this equation there are two derivatives of u with respect 
to a:. If y and z are replaced by their values in terms of x, u 
will be a function of x only. The derivative of that function 



If y and z are replaced by constants, u will be a second 


du 

function of x. Its derivative is t— 

dx 

Ex. 3. Given u = f (x,y, z), z being a function of x and y. 
Find the partial derivative of u w’ith respect to x. 

It is understood that y is to be constant in this partial 
differentiation. Equation (119c) then gives 


du _du . du dz 
dx ~ dx dz dx 


In this equation appear two partial derivatives of u with 
respect to a;. If z is replaced by its value in terms of x and y, 
u will be expressed as a function of x and y only. Its partial 
derivative is the one on the left side of the equation. If z is 
kept constant, u is again a function of x and y. Its partial 
derivative appears on the right side of the equation. We 
must not of course use the same symbol for both of these 
derivatives. A way to avoid the confusion is to use the 
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letter / instead of w on the right side of the equation. It then 
becomes 

_ df ,df dz 
dx dx dz dx 

It is understood that f {x, y, z) is a definite function of z, y, z 
fif 

and that ■— is the derivative obtained with all the variables 
dx 

but X constant. 

120. Change of Variable. — If u is a function of z and y 
we have said that the equation 

j du j , du , 

is true whether x and y are the independent variables or not. 
To show this let s and t be the independent variables and x 
and y functions of them. Then, by definition, 

, du J , du J. 
du = — dis -f- “ dt* 
as at 


Since m is a function of z and y which are functions of s and t, 
by equation (119a), 

du _ ^ ^ ^ dy du du dx . du dy 

ds dx ds dy ds ’ dt dx dt dy dt 

Consequently, 


du = 


, (du dx . dudy\j 
^ ^ ds}^ ■*" dtj'^^ 


du/dXj , dx ,A , dufi 




du , , du J 


which was to be proved. 

A similar proof can be given in ease of three or more 
variables. 

121. Implicit Functions. — If two or more variables are 
connected by an equation, a differential relation can be ob¬ 
tained by equating the total differentials of the two sid^ of 
the equation. 
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Example 1. / {x, y) — 0. 

In this case 

d‘f{x,y) - ~dx + — dy=‘d‘0 = 0. 
Consequently, 

§f 

^ __ 

dx ~ ^ 

dy 

Ex. 2. f (x, y, z) = 0. 

Differentiation gives 

^dx+^dy+^dz^O. 

If z is considered a function of x and y, its partial derivative 
with respect to a; is found by keeping y constant. Then 
dy = 0 and 

dx df 

az 

Similarly, if a; is constant, da; = 0 and 

K 

dz _ dy 

dy~ ^ 
dz 

Ex. 3. fi {x, y, z) = 0, /2 (x, y, z) = 0. 

We have two differential relations 


a/i 


a/; 


- da; 4- - 
dx dy 


'dy + |idz = 0, 


dz 


dfi 

dx 


®da; + ^dy+^dz = 0. 


dy ‘ dz 

We could eliminate y from the two equations fi — 0,f2 — 0. 
We should then obtain z as a function of x. The total de^ 
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rivative of this function is found by eliminating dy and solving 
for the ratio The result is 

— = dx dx dy 
dx~ 

dz dy dy dz 

122. Exact Differentials. — If P and Q are functions of 
two independent variables x and y, 

P dx + Qdy 


may or may not be the total differential of a function u of x 
and y. If it is the total differential of such a function, 

P dx + Q dy = du = ~dx +^dy. 

ox dy 


Since dx and dy are arbitrarj', this requires 


P 


du 

dx’ 



Consequently, 

dP ^ dhi dQ ^ d^u 
dy dy dx ’ dx dx dy * 


Since the two second derivatives of u with respect to x and 
y are equal, 


dy dx ‘ 


(122a) 


An expression P dx Qdy is called an exact differential if 
it is the total differential of a function of x and y. We have 
just shown that (122a) must then he satisfied. Conversely, 
it can be shown that if this equation is satisfied P dx + Qdy 
is an exact differential.* 

See Wilson, Aduanced Calculus, § 92. 
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Similarly, if 

P dx + Q dy + R dz 
is the differential of a function u of x, y, z, 

nooM 

By Bx’ Bz By’ Bx Bz ’ ^ ^ 

and conversely. 

Example 1. Show that 

(x^ + 2 xy) dx + (x® + y^) dy 

is an exact differential. 

In this case 

+ “2a:, g = ±(a^ + ,^)=2a:. 

The two partial derivatives being equal, the expression is 
exact. 

Example 2. In thermodynamics it is shown that 
dU ^ TdS- p dv, 

U being the internal energj', T the absolute temperature, S 
the entropy, p the pressure, and v the volume of a homogene¬ 
ous substance. Any two of these five quantities can be 
assigned independently and the others are then determined. 
Show that 

\3p)s \BS)p 

The result to be proved expresses that 

T dS + V dp 

is an exact differential. That such is the case is shown by 
replacing T dS by its value dU + p dv. We thus get 

TdS-\~vdp = dU-^pdv + vdp = d(U + pv). 
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1. Hu— /(x, 1 /1, // = X, find 


EXERCISES 
tin 


dx' 


— 

dx' 


2. If « = fix, I/, XI, : = X-, find ■ 

3. If u = fix, >j,zi, y = X, z = 2 X, find 

^ ^(s).- 

6. If fix, y,zj = 0, z — X + y, find ^. 

6. If F{x, y, z) = 0, show that 

(a^KifXdX--- 

1 / 

7. If u = xf{z)j 2 = ~ j and jr, y are the independent variables, show 


that 


du , dn 


bx 


8, If a = /fr, s'), r ^ X + at,H = y and z, y, t are the independ¬ 
ent variables, show that 


bu bn , ,bu 
9 « = + 


9, If u = fix + aij)y show that 

bu 


bn 


by ^ bx* 

10. If the substitution x = r cos 6, y = r^m 6 changes f(x, ij\ into 
Fir^ 0), show that 

Determine which of the following expressions are exact differentials: 

11. xdy ^ y dx. 

12. (2 X + y) dx + (x ^ 2 ij) dy. 

13. zdx +2 yzdy + (x + if) dz. 

14. z dx — iy + z) dy + y dz. 

16. Under the conditions of Ex. 2, page 228, show that 

(a^X =-(!).■ (i-).-(iX- 
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16. In caae of a perfect gas pi' = kT. Using this and the equation 
du = TdS — pdv, 


show that 



This expresses that « is a function of T only. 


123. Angle Between Two Directed Lines in Space. — A 
directed line is one along which a positive direction is as¬ 
signed. This direction is usually indicated by an arrow. 
In case of a coordinate axis the positive direction is that in 
which the coordinate increases. 

The angle between two directed lines (Fig. 123) is one 
along the sides of which the arrows point away from the 
vertex. There are two such an^es less than 360°, their 
sum being 360°. They have the same cosine. 




If two lines do not intersect, the angle between them is 
defined as that between lines parallel to them which do 
intersect. 

124. Direction Cosines. — Let a, /3, 7 be the angles 
between the coordinate axes and a directed line. The co¬ 
sines of these angles are called the direction cosines of the 
line. 

Let Pi(xi, yi, «i), PiiXi, j/ 2 , 22 ) be two points on the line. 
Construct a rectangular paraUelopiped with diagonal PiPa 




C3hap. XVI. 


PARTIAL DIFFERENTIATION 


231 


and edges parallel to the coordinate axes (Fig. 124). Since 
PiAPsj P 1 BP 2 , and P 1 CP 2 are right angles, the direction 
cosines of PiPi are 


Since 


cos a = 
cos jS = 


PiA 

P 1 P 2 

PiB 

P 1 P 2 


Xi - Xi 

PIP2 ’ 


_ Vi - yi 
P1P2 * 


cos 7 = 


PlC _Z2 — 
PlP 2 ~ P 1 P 2 • 


PiP/ = P^A^ + PiB'- + PiC\ 


the direction cosines satisfy the equation 

cos® a + cos® /3 + cos® 7 = 1. 


(124a) 


If the direction cosines of two lines are cos ai, cos /3i, cos 71 
and cos 0 - 2 , cos 182 , cos 72 , it is shown in anah-tical geometry 
that the angle 9 between the lines is given by the equation 

cos 6 = cos ai cos 0:2 + cos | 8 i cos ^2 + cos 71 cos 72 . (124b) 


In particular, if the lines are perpendicular, 

0 = cos ai cos az + cos /3i cos /32 + cos 71 cos 72 . (124c) 


125. Direction of the Tangent Line to a Curve. — The 
tangent line at a point P of a cur\'e is defined as the limiting 
position PT approached by the secant PQ 
as Q approaches P along the curve. 

Let s be the arc of the curve measured 
from some fixed point and cos a, cos /S, 
cos 7 the direction cosines of the tangent 
drawn in the direction of increasing s. 

U X, y, z are the coordinates of P, 

X + Ax, y + Ay, z + Az, those of Q, the direction cosines 
of PQ are 



Ax Ay 

PQ' PQ’ PQ* 
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As Q approaches P, these approach the direction cosines of 
the tangent at P. Hence 


.Ax V Ax As 
cos a = lim^ = hm-^-^T:. 
Q-^P PQ As PQ 


On the curve, x, y, z are functions of s. Hence 


,. Ax dx 

hm— = J-, 

As as 


As v arc 


= I.’' 


Therefore 


Similarly, 


cos a 


dx 

ds' 


cos/3-^ 


ds’ 


dz 


(125a) 

(125a) 



These equations show that if a distance ds is measured 
along the tangent, dx, dy, dz are its projections on the coordi¬ 
nate axes (Fig. 125b). Since the square on the diagonal of a 

* The proof that the limit of arc/chord is 1 was given in Art. 56 
for the case of plane curves with continuous slope. A similar proof 
can be ^ven for any curve, plane or space, that is continuous in direction. 
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rectangular parallelepiped is equal to the sum of the squares 
of its three edges, 

+ dy^ + dz®. (125b) 

Example. Find the direction cosines of the tangent to the 
parabola 

X = at, y = ht, z == J ci* 

at the point where t = 2. 

Ait — 2 the differentials are 

dx = a dt, dy = b dt, dz = \ ctdt = c dt, 
ds = ±y/dx^ + dy^ + dz® = d=V^a® + 6® + c® dt. 

There are tw’o algebraic signs depending on the direction in 
which s is measured along the cur\’e. If w’e take the positive 


sign, the direction cosines are 

dx _ a 


b 

ds Va® + 6® + c® ’ 

ds 

Va® + 6® + c® ’ 

dz _ c 



ds Vg®- 1-6®-H c®‘ 




126. Equations of the Tangent Line. — It is shown in 
analytic geometry that the equations of a straight line 
through a point Pi (xi, yi, zi) with direction cosines propor¬ 
tional to A, B,C are 


X — xi _y — yi - Zi 

A B C • 


(126) 


The direction cosines of the tangent line are proportional 
to dx, dy, dz. If then we replace A, B, C by numbers pro¬ 
portional to the values of dx, dy, dz at Pi, (126) will represent 
the tangent line at Pi. 

Example. Find the equations of the tangent to the curve 
X = t, y = t^, z = f 
at the point where t = 1. 
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The point of tangency is i = 1, xi = 1, = 1, = 1. 

At this point the differentials are 

dx : dy : dz => dt :2 t dt :Z ^ dt = 1:2:3. 

The equations of the tangent line are then 

x~ly—l_z~l 
1 ~ 2 “ 3 • 


127. Tangent Plane to a Surface. — Let 

Fix, y,z)=0 


be the equation of a surface. If the point P{x, y, z) de¬ 
scribes a curve on the surface, the differentials of its co¬ 
ordinates satisfy the equation 




In particular, the differentials at the point Piixi, yi, zi) 
satisfy the equation 



dz — 0, 


(127a) 


where 


\dxU\dyU 



I are the values of the functions at 


Piixi, yi, zi). 

Jf Pix, y, a) is any point on the tangent line through Pi, 
the differentials dx, dy, dz at Pi are proportional to a: — ri, 
y — yi, z — zi. Since the differentials in (127a) may be 
replaced by any proportional numbers, 



(® — Xi) - 1 - 



iy - yi) + 




= 0. (127b) 


Being of the iSrst degree ha. x, y, z this equation represents a 
plane. If different curves are drawn on the surface through 
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Pi their tangent lines at Pi all satisfy the equation and so 
all lie in the plane. This plane containing all the tangent 
lines at Pi is called the tangent plane to the surface at Pi. 



128. Normal to a Surface. — Through Pi draw 
PiiV with direction cosines proportional to j 

Equation (127b) expresses that this line 


a line 

\dy)i’ 
is per¬ 


pendicular to any line PiP in the tangent plane. It is there¬ 
fore perpendicular to the tangent plane and is called the mr- 
mal to the surface at Pi. Since the direction cosines of the 
normal are proportional to the partial derivatives of P(x, y, z) 
at Pi the equations of the normal are 



(128) 


In applying equations (127b) and (128) the values of the 
partial derivatives may be replaced by any numbers having 
the same ratios. 

Example. Find the equations of the normal line and tan¬ 
gent plane at the point (1, —1, 2) of the ellipsoid 

-1- 2 -h 3 2* = 3 X -f-12, 
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The equation given is equivalent to 

+ 2 2/* + 3 - 3 s - 12 = 0. 

The direction cosines of its normal are proportional to the 
partial derivatives 

2x — 3:4y:6 2:. 

At the point (1, —1, 2), these are proportional to 
A'.B:C = -1 : -4 ; 12 = 1 :4 : -12. 

The equations of the normal are 

X — 1_y + 1_z — 2 
1 “ 4 “ -12 * 

The equation of the tangent plane is 

X - 1+ 4 (y + 1) - 12 (2 - 2) = 0. 

129. Maxima and Minima of Functions of Two or More 
Independent Variables. — A maximum value of a function 
is a value greater than any given by neighboring values of 
the variables. A minimum value is one less than any given 
by neighboring values of the variables. 

In case of two independent variables, x, y, a function 

2 = F(x, y) 

can be represented graphically by a surface. A maximum 
value occurs at the top of an elevation, a minimum at the 
bottom of a depression, in the surface. In either case the 
tangent plane is horizontal and so 

1 = 1=0. (129a) 

If u is a function of any number of independent variables 
X, y, 2 , etc., it is dear that a maximum or minimum value of 
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u remains a maximum or minimum when only one variable 
changes. If then all the independent variables but x are 
du 

kept constant (and ^ is continuous), a maximum or mini¬ 
mum must satisfy the condition 

If = 0. (129b) 


Therefore, if the first ‘partial derivatives of u 'with respect to the 
independent variables are continuous, those derivatives must 
he zero when u is a maximum or minimum. 

When the partial derivatives are all zero, the total differ¬ 
ential is zero. Thus if « is a function of x, y, z and the par¬ 
tial derivatives are all zero, 

for all values of dx, dy, dz. 

To find the maximum and minimum values of a function 
we equate its partial derivatives with respect to the inde¬ 
pendent variables (or its total differential) to zero and solve 
the resulting equations. It is usually possible to decide 
from the problem whether a value thus found is a marimtim, 
a minimum, or neither. 

Example 1. Show that the maximum rectangular parallele¬ 
piped with a given area of surface is a cube. 

Let X, y, z be the edges of the parallelepiped. If is the 
volume and A the area of its surface 

T'' = xyz, A = 2 ry + 2 xz + 2 2 / 2 . 

Two of the variables x, y, z are independent. Let them be 
X, y. Then 

A — 2xy 
*'-2(x + y)* 
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Therefore 


xy{A — 2 xy) 



2 {x + y) ’ 


dV _ 2/® 

~A — 2 X? — A xy~ 


dx 2 

(x + 2/)® 



TA — 2y^ — A xy 


dy 2 

(ic + yf 



The values a: = 0, y = 0 cannot give maxima. Hence 
A — 2 x^ — ^ xy = Q, A — 2 y^ — A xy = 0. 
Solving these equations simultaneously with 
A = 2 xy + 2 xz + 2 yZy 

we get 


X = y = z — 


? 

6 * 


We know there is a maximum. Since the equations give 
only one solution it must be the maximum. 

Example 2. Find the point in the plane 

a; + 2j/ + 32 = 14 
nearest to the origin. 

The distance from any point {x, y, z) of the plane to the 
origin is 

D = Vx® + y® 4- 
If this is a minimum 


that is, 


d-D + + ^dz Q 

+ 2 /® + 2 ® ’ 

xdx + V dy A- zdz = 0, 

From the equation of the plane we get 

dx-\-2dy + Zdz = 0. 


(129d) 


(129e) 
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The only equation connecting x, y, z is that of the plane. 
Consequently, dx, dy, dz can have any valu^ satisfying this 
last equation, lix^y^z are so chosen that D is a minimum 
(I29d) must be satisfied by all of these values. If two linear 
equations have the same solutions, one is a multiple of the 
other. Corresponding coefficients are proportional. The 
coefficients of dx, dy, dz in (129d) are x, y, z. Those in (129e) 
are 1, 2, 3. Hence 

5 = 1' = - 

1 2 3' 

Solving these simultaneously with the equation of the plane, 
we get X = 1, y = 2, z = 3. There is a minimum. Since 
we get only one solution, it is the minimum . 

EXERCISES 

Find the equations of the tangent lines to the foUowing curves at the 
points indicated: 

1. X ^ t, jj ^ 2 i, z ^ = 1, 

2. a; — sec f, i/ = tan z = t, a.t t — 

3. X = y = 2 = sin at f == 0. 

4. Find the angle at which the helix 

X = a cos 6, y = asinS, z — kS 

cuts the generators of the cylinder x- + = a- on which it hes. 

6. Find the angle at which the conical helLx 

X = f cos t, y = tsmt, z = t 

cuts the generators of the cone x^ + y^ = z^ on which it lies. 

Find the equations of the normal and tangent plane to each of the 
following surfaces at the point indicated: 

6. Sphere x® + 2 /® + ar* «= 9, at (1, 2, 2). 

7. Cylinder x® — 2 /® ~ 1)- 

8. Cone a;® — x® + 2 /®, at (3, 4, 5). 

9. Paraboloid x* + 2 /® = 2 at (1, 3, 5). 

ID, Find the locus of points on the cylinder 

(a; + yy + (y - 2 )* = 4 
where the normal is parallel to the X2^plane. 
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11. An open rectangular box is to have a given capacity. Find the 
dimensions of the box requiring least material for its construction. 

12. The vertices of a triangle are (xi, yi), (x 2 , 1 ^ 2 ), (xa, ^ 3 ). Find the 
point in the plane of the triangle such that the sum of the squares of 
its distances from the vertices is least. 

13. Find the pomts on the surface + 1 at least distance from 

the origin. 

14. A tent having the form of a cylinder surmounted by a cone is 
to contain a given volume. Find its dimensions if the canvas required 
is a minimum. 

16. When an electric current of strength I flows through a wire of 
resistance R the heat produced is proportional to PR, Two terminals 
are connected by three wires of resistances jBi, R 2 , R 3 , respectively. A 
given current flowing between the terminals will divide between the 
wires in such a way that the total heat produced is a minimnTn . Show 
that the currents in the three wires will satisfy the equations 

IiRi = I2R2 ~ I^Rz* 

16. Show that the triangle of greatest area with a given perimeter 
is equilateral. 

17. Two adjacent sides of a room are plane mirrors. A ray of light 
starting at a point P strikes one of the mirrors at Q, is reflected to a 
point R on the second mirror, and is there reflected to S. If P and S 
are in the same horizontal plane, find the positions of Q and R so that 
the path PQRS shall be as short as possible* 
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DOUBLE INTEGRATION 

130. Double Integrals. — The notation 

I I fix, y) dx dy 

a U c 

is used to represent the result of integrating first with respect 
to y (leaving x constant) between the limits c, d and then 
with respect to z between the limits a, b. 

As here defined the first integration is with respect to the 
variable whose differential stands last and its limits are 
attached to the last integral sign. Some writers integrate 
in a different order. In reading an article it is therefore 
necessary to know what convention the author uses. 

Example. Find the value of the double integral 

r /* (^ + y”) dy. 

Jo J-X 

We integrate first with respect to y between the limits — r, 
X, then with respect to x between the limits 0,1. The result 
is 

j' {x^ + y^) dx dy = dx[3^y + ^y^f_^=ix^dx = %. 

131. Area as a Double Integral. — Dmde the area be¬ 
tween two curves y = fix), y = Fix) into strips of width 
Ax. Let P be the point (x, y) and Q the point (x + Ax, y -f- 
Ay). The area of the rectangle PQ is Ax Ay. The area 
of the rectangle RS (Fig. 131a) is 
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The area bounded by the ordinates x = a, x = his then 

.6 rF(x) nh pF{x) 

A = lim V Ax I dy = I I dxdy. 

Ae*0 -^o *//(x) Ja J/lx) 


If it is simpler to cut the area into strips parallel to the 
x-axis, the area is 


= J J'dydx, 


the limits in the first integration being the values of x at the 
ends of a variable strip; those in the second integration, the 
values of y giving the limiting strips. 

Example. Find the area bounded by the parabola y® = 
4ox + 4 a* and the straight line y = 2a — x (Mg. 131b). 



Fig. 131a. Fig. 131 b. 


Solving amultaneously, we find that the parabola and the 
line intersect at A ( 0 , 2 a) and 5 (8 a, - 60 ). Draw the 
strips parallel to the x-axis. The area is 


A = 



'2 b— y 

4b 


dydx 






The limits in the first integration are the values of a; at 
and S, the ends of the variable strip. The limits in the 
second int^ration are the valu^ of y Bit B and A, corre¬ 
sponding to the outside strips. 
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132. Volume by Double Integration. — To find the 
volume imder a surface z = /(re, y) and over a given region 
in the rcy-plane. 

The volume of the prism FQ standing on the base Aa; Ay 
(Fig. 132a) is 

z Ax Ay. 

The volume of the plate RT is then 

S s rp(i) 

z Ax Ay = Ax / zdy, 

R Jfif) 

f (x), F (x) being the values of y at R, S. The entire volume 
is the limit of the sum of such plates 

n> 

lim X Ax / zdy = I I zdxdy, 

Ai*0 a «-'/(») va 


a, h being the values of x corresponding to the outside plates. 

Example. Find the volume bounded by the surface 
oz = o® — x® — 4 y* and the rcy-plane. 



Fig. 132b shows one-fourth of the required volume. At R, 
y = 0. At S, z = 0 and so 

y = i Va* — rc*. 
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The limiting values of x at 0 and A are 0 and a. Therefore 

(a® — — 4 (ic dy 


/•o ('a n 

v = 4 I I zdxdy = 4 / / 

1/0 </0 t/O t/o 

“T- 


a 


133. The Double Integral as the Limit of a Double Sum¬ 
mation. — Divide a plane area by lines parallel to the co¬ 
ordinate axes into rectangles with sides Ax and Ay. Let 
(x, y) be any point within one of these rectangles. Form 
the product 

fix,y) Ax Ay. 

This product is equal to the volume of the prism standing 
on the rectangle as base and reaching the surface z — f (x, y) 
at some point over the base. Take the sum of such products 



Fig. 133a. 


for all the rectangles that lie entirely within the area. We 
represent this sum by the notation 

XX f ix,y) Ax Ay. 

When Ax and Ay are taken smaller and smaller, this sum 
approaches as limit the double integral 

f J f(?:,y)dxdy, 
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with the limits determined by the ^ven area; for it approaches 
the volume over the area and that volume is equal to the 
double integral. 

Whenever then a quantity is a limit of a sum of the form 

its value can be found by double integration. Furthermore, 
in the formation of this sum, infinitesimals of higher order 
than Aa: \y can be neglected without 
changing the limit. For, if e Ax Ay 
is such an infinitesimal, the sum of 
the errors thus made is 

When Ax and Ay approach zero, « 
approaches zero. The sum of the 
errors approaches zero, since it is 
represented by a volume with finite 
base and altitude approaching zero. 

Example 1. An area is bounded 
by the parabola y- = ^ ax and the 
line X = a. Find its moment of 
inertia about the axis perpendicular to its plane at the 
ori^. 

Divide the area into rectangles Ax Ay. The distance of 
any point P (x, y) fro m the ax is perpendicular to the plane 
at 0 is if? = OP = -f- y\ If then (x, y) is a point 

within one of the rectangles, the moment of inertia of that 
rectangle is 

jR® Ax Ay = (x® + y®) Ax Ay, 

approximately. That the result is approximate and not 
exact is due to the fact that different points in the rectangle 
differ slightly in distance from the axis. This difference is, 
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however, infinitesimal and, since is multiplied by Ao; Ly, 
the resulting error is of higher order than Aa: Ay. Hence in 
the limit 


=£f: 





Fig. 133c. 


Ex. 2. Find the center of grav¬ 
ity of the area bounded by the 
parabolas y® = 4 x + 4, y® = — 2 a: 
+ 4. 

By symmetry the center of 
gravity is seen to be on the 
x-axis. Its abscissa is 



If we wish to use double inte¬ 
gration we have merely to replace 
dA by dx dy or dy dx. From the 
figure it is seen that the first 


integration should be with respect to x. Hence 



EXERCISES 

Find the values of the following double int^rals: 


^ ^xydxdy. 

4. f^^^rdffdr. 

Jo Jo 

J* Jo 

6. P* P" d0 dr. 

Jo Jo 

f* f** dx dy 

Ji Jx (.x+y)*’ 

6. p f^‘‘*~^dydx. 

Jo Jo 
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7. Find the area bounded by the parabola y* « 3 j and the line 

X ^ y. 

8, Find the area bounded by the parabola = 4 ax, the line x + 
^ = 3 a, and the x-axis. 

S. Find the area enclosed by the ellipse 

(y — x)® + X® == 1. 

10. Find the volume under the paraboloid s = x® + and over the 
square x = d=l, y = d:lin the xj^-plane. 

11. Find the volume bounded by the xy-plane, the cyhnder x® + 
y* = 1, and the plane x + y + z = 2 

12. Find the volume in the first octant bounded b\' the paraboloid 
z ^ xy and the plane x + y — 1. 

13. Find the moment of inertia of a square of side 2 a about the axis 
perpendicular to its plane at its center. 

14. Find the moment of inertia of the triangle bounded by the lines 
X + y = 2, X « 2, y - 2, about the x-axis, 

16. Find the moment of mertia of a cube of side a and mass M about 
an edge. 

16. A wedge is cut from a cyhnder of radius a by a plane tangent to 
the base and inclined 45® to the base. Find its moment of inertia about 
the axis of the cylinder. 

17. Find the center of gravity of the area bounded by the coordinate 
axes and the lines 2 / — x + 1, x = 3. 

18. Find the center of gravity of the area bounded by the parabola 
2 /® = 4 ox + 4 a® and the Ime 1 / = 2 a — x. 

19. Find the center of gravity of the pyramid bounded by the planes 
x = 0, 2 / = 0, 2 = 0, x + 22/+3« = 6. 

20. Find the volume generated by rotating about the 2 /-axis the area 
withm the circle x® + 2 /® =® 5 a® and the parabola 2 /® == 4 ox. 

134. Double Integration. Polar Coordinates, — Pass 
through the origin a series of lines making with each 
other equal angles A0. Construct a series of circles with 
centers at the origin and radii differing by Ar. The lines 
and circles divide the plane into curved quadrilaterals 
(Fig. 134a). 

Let r, 6 be the coordinates of F, r + Ar, + A^ those of 
Q. Since PR is the arc of a circle of radius r and subtends 
the angle Ad at the center, PR = r Aff, Also RQ = Ar. 
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When Ar and A0 are very small PRQ will be approximately 
a rectangle with area 

PR -RQ = rA$ Ar. 



Fra. 134a. 


It is very easy to show that the error is an infinitesimal of 
higher order than \6 Ar. (See Ex. 5, page 251.) Hence 
the sum 

taken for all the rectangles within a curve, gives in the limit 
the area of the curve in the form 

A = J* JrdBdr. (134a) 

The limits in the first integration are the values of r at 
the ends A, jB of the strip across the area. The limits in the 
second integration are the values of B giving the outside 
strips. 

If it is more convenient the first integration may be with 
respect to B. The area is then 


Chap. XVII. 


DOUBLE INTEGRATION 


249 


The first limits are the values of 6 at the ends of a strip 
between two concentric circles (Fig. 134b). The second 
limits are the extreme values of r. 



Fig. 134b. Fig. 134e. 


The element of area in polar coordinates is 

dA = rdd dr. (134b) 

We can use this in place of dA in finding moments of inertia, 
volumes, centers of gravity, or any other quantities expressed 
by integrals of the form 



Example 1. Change the double integral 



{x- + y‘)dxdy 


to polar coordinates. 

The integral is taken over the area of the semicircle 
y = V2 ax — (Fig. 134c). In polar coordinates the 
equation of this circle is r = 2 a cos fl. The element of area 
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dx dy can be replaced hyrdd dr* Also + ~ r^. Hence 


n v 2 02 —z® f*2 a 003 9 

{x^ -b y~) ~ J Q ^ ^ 


The limits for r are the ends of the sector OP. The limits 


TT 

for 6 give the extreme sectore 8 = 0, 6 = ^‘ 



Ex. 2. Find the moment of in¬ 
ertia of the area of the cardioid 
r == a (1 + cos 8) about the axis 
perpendicular to its plane at the 
origin. 

The distance from any point P 
(r, 8) (Fig. 134d) to the axis of rota¬ 
tion is 


Fici. 134d. 


OP = r. 


Hence the moment of inertia is 


n o(l+coafl') pr OK 

r‘'-rd8dr — -^J (1 -|- cosff )*dd = 


Ex. 3. Find the center of gravity of the cardioid in the 
preceding problem. 

The ordinate of the center ef gravity is evidently zero. 
Its abscissa is 


X 




Cj 

Cl-f-eos 9) 

1 r cos 0 • rdJd dr 

0 


Cj 

frdd dr 


Ex. 4. Find the volume common to a sphere of radius 
2 a and a cylinder of radius o, the center of the sphere being 
on the surface of the cylinder. 


* This does not mean that 

dxdy =rde dr, 

but merdy that the sum of all the rectangular dements in the cirde is 
equal to the sum of all the polar dements. 
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Figure 134e shows one-fourth of the required volume. 
Take a system of polar coordinates in the x^-plane. On the 
element of area r dd dr stand.s a prism of height 

z = V4 a- — r®. 



The volume of the prism isz • rd6 dr and the entire volume is 

T T 3 

a 2acose - /’2rC4 CubS 

Vi a^—r^ • r dd dr=4 f - - — d6 

t/u L ^ 

V 

16 

(1 — sin® 6) dd = ir — i). 


32 a® 


EXERCISES 

Find the values of the following int^rals bj' changing to polar co¬ 
ordinates. 

1. f C^^^(x'^+f)dydx. 3. H dx dy. 

Jo Jo Jo Jo 

2. p 4. rr''‘^%'a=-i*-?dxdy. 

Jo Jo Jo Jo 

6 . Find the area bounded by two circles of radii a, a +Aa and 

two lines through the or^in making with the initial line the angles a, 
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a -h Aa, respectively. Show that when Aa and Aa approach zero the 
result differs from 


a Aa Aa 

by an infinitesimal of higher order than Aa Aa. 

6. Find the areas of the two parts into which the circle r = 1 is cut 
by the spiral r ^ 6, 

7. A circular sector has a radius a and central angle 2 a. Fmd the 
moment of mertia of its area about the bisector of the angle. 

8. Find the center of gravity of the area in the preceding problem. 

9. The center of a circle of radius 2 a lies on a circle of radius a. 
Find the moment of inertia of the area between the two circles about 
the common tangent. 

10. A hole of radius a is bored through a sphere of radius 2 a. If its 
axis passes through the center of the sphere, find the volume cut out. 

11. Find the moment of inertia of a cone of radius a and mass M 
about its axis. 

12. Find the moment of inertia of a sphere of radius a and mass M 
about a diameter. 

13. A cylinder of radius a and mass M rotates about a generator. 
Find its moment of inertia. 

14. Find the volume generated by rotating the cardioid r = a(l + 
cos B) about the initial hne. 

15. Find the volume bounded by the x^-plane, the cone 

and the cyhnder ^ 2 ax. 

16- Find the volume bounded by the x 2 /-plane, the paraboloid az = 
X* + 2/®, a^nd the cylinder x^ + aK 

136. Area of a Surface. — Let an area A in one plane be 
projected upon another plane. The area of the projection is 

A' = A cos <#>, 

where 4> is the angle between the planes. 

To show this divide A into rectangles by two sets of lines 
respectively parallel and perpendicular to the intersection 
MN of the two planes. Let a and h be the sides of one of 
these rectangles, a being parallel to MN. The projection of 
this rectangle will be a rectangle with sides 


a' = a, 


V — h cos 4>j 
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and area 


a'b' — ab cos <j}. 

The sum of the projections of all the rectangles is 
^a'b' = ^ a6 cos 4>. 

As the rectangles are taken smaller and smaller this ap¬ 
proaches as limit 


A' — A cos 


which was to be proved. 



To find the area of a curved surface, resolve it into elements 
whose projections on a coordinate plane are equal to the 
differential of area dA in that plane. The element of surface 
can be considered as Ipng approximately in a tangent plane. 
Its area is, therefore, approximately 

dA 

cos 


where 4> is the angle between the tangent plane and the 
coordinate plane on which the area is projected. The area 
of the surface is the limit 


S = 



dA 

cos <f>' 
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The angle between two planes is equal to that between 
the perpendiculars to the planes. Therefore 4> is equal to 
the angle between the normal to the surface and the co¬ 
ordinate axis perpendicular to the plane on which we project. 



K the equation of the surface is 

y, z) = 0, 

the direction cosines of its normal are proportional to 


co^es is 1, 


da:’ 


cos a. = 


Since the sum of the squares of the 

dx 





and the values of cos ^ and cos 7 are obtained by replacing 
^ by ^ and ~. In finding areas the algebraic sign is 
assumed to be positive. 

Eaxtmple 1. Find the area of the sphere 3 ^ ^ = a* 

within the cylinder a? + = oa:. 
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Project on the xy-plane. The angle <f> is then the angle y 
between the normal to the sphere and the z-axis. Its cosine is 


cos y = 


Vi® + y® + z® 
Using polar coordinates in the ary-plane, 

2 = Va® — z® — y® = Va® 

Hence the area of the surface is 


2 

a 


s=r^_ 4 r r 

u cosy Jq Jq 


ardddr 


= 2a»(ir- 2). 


Va® — r® 

Ex. 2. Find the area of the surface of the cone y* + 
2 ® = z® in the first octant bounded by the plane y + z — a. 
Project on the yz-plane. Then ^ = a and 

X X 1 

/y SSS . <—> - —» i ■! • 

Va?^ -f- y® -j- 2 ® V2z® V2 

The area on the cone is therefore 


S^f;£-^V2dydz = 


a®V2 


EXERCISES 

1. Find the area of the triangle cut from the plane 

a:+2y-i“3s — 6 

by the coordinate planes. 

2. Find the area of the surface of the cylinder j:* + ^ ~ 4 between 
the a:y-plane and the plane z = 2x + 

3. Find the area of the surface of the cone x* + ^ == 2 * cut out by 
the cylinder x® + 2 /® = 2 ax. 

4. Find the area in the plane z + y +z — a bounded by the cyl¬ 
inder a:® + 2 /^ = a®. 

6. Find the area of the surface ^2 xy above the x 2 /-plane bounded 
by the planes 2 / = 1, x = 2. 

6. Find the area of the surface of the cylinder x* + ^ 2 ox above 

the xy-plane bounded by the cone x* + 2/® = 

7, Find the area of the surface of the paraboloid 2 /* + x® « 2 ox 
cut off by the plane x — a. 
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8. Find the area on the conical surface between the 

a;y-plane and the plane x + 2 z = Z, 

9. Find the area cut from the plane by the cone in Ex. 8. 

10. A hole of radius a is cut through a sphere of radius 2 a. If the 
axis of the hole is a diameter of the sphere, find the area of the surface 
cut out. 
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136. Triple Integrals. — The notation 



/ (X, y, z)dxdydz 


is used to represent the result of integrating first with respect 
to z (leaving x and y constant) between the limits Zi and a*, 
then with respect to y (leaving x constant) between the 
limits yi and yt, and finally with respect to x between the 
limits Xi and xs. 



Fig. 136. 

137. Rectangular CoSrdinates. — Divide a solid into 
rectangular parallelepipeds of volume Ax Ay Az by planes 
parallel to the coSrdinate planes. To find the volume of 

257 







258 


CALCULUS 


CHAP.xvin. 


the solid, first take the sum of the parallelepipeds in a vertical 
column PQ. The result is 


^ Ax Ay Az = Ax Ay J'^ dz, 


zi and Zi being the values of z at the ends of the column. 
Then sum these columns along a base MN and so obtain the 
volume of the plate MNR. The result is 

lim V AxAy / ^ dz = Ax I ‘ j dycb, 

Ay=0 d yi U zi 


yx and yz being the limiting values of y in the plate. Finally, 
take the sum of these plates. The result is the triple integral 


0 =Hm VAx r* f^dydz=‘ T* p f^dxdydz, 

Axa&O dyi d2i dX\ d d z\ 


Xy, Xs being the limiting values of x. 

It may be more convenient to begin by integrating with 
r^pect to X or y. In any case the limits can be obtained 
from the consideration that the first integration is a summa^ 
tion of parallelepipeds to form a prism, the second a summa¬ 
tion of prisms to form a plate, and the third integration a 
summation of plates. 

Let (x, y, z) be any point of the parallelepiped Ax Ay Az. 
Multiply Ax Ay Az by / (x, y, z) and form the sum 


2 X X*^ 


taken for all parallelepipeds in the solid. When Ax, Ay, and 
Az approach zero, this sum approaches the triple integral 


SJh 


f (x, y, z) dxdydz 


as limit. It can be shown that terms of higher order than 
AxAyAz can be n^ected in the sum without changii^ 
the limit. 



C’h^p XVIII. 


TRIPLE INTEGRATION 


259 


The differential of volume in rectangular coordinates is 
dv = dx dy dz. 

This can be used in the formulas for moment of inertia, center 
of gravity, etc., those quantities being then determined by 
triple integration. 

Example 1 . Find the volume of the ellipsoid 

X“ z® 

— 4-— 4-— = 1 
^ 52 ^ ^ 


Fig. 136 shows one-eighth of the required volume. Therefore 


u = 8 J J* J dxdydz. 


The limits in the first int egration are the values z = 0 at P 

/ 

and z = cy 1 —; — fs Q. The limits in the second 
V br 

integration are the values of y a t 3/ a nd .V. At 3/, y — Q 

/ ^ 

and at iV, z = 0 , whence y = & y 1 — Finally, the limits 
for X are 0 and a. Therefore 


8/1 / dx dydz = i irabc. 

J 0 Jo Jo 



Ex. 2 . Find the center of gravity of the solid bounded 
by the paraboloid j/® - 1 - 2«? = 4 x and the plane x = 2. 
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By symmetry y and a are zero. The ^-coordinate is 


X 



Pi. 

I xdzdydx 

_ (y*+2g») _ 

4, J J Jdzdydx 



The limits for x are the values x = \ {y^ -^2 a®) at P and 
a: = 2 at Q. At /S, x = 2 and y — V4 x — 2 a^ = Vg — 2 a*. 
The limits for y are, therefore, y = 0 at P and y = 
Vs — 2 a® at S. The limits for a are a = 0 at’ A and a = 2 
at B. 

Ex. 3. Find the moment of inertia of a cube about an 
edge. 



Place the cube as shown in Fig. 137b and determine its 
moment of inertia about the a-axis. The distance of any 
point (x, y, a) from the a-axis is 

R = Va? -1- 2/®. 

Hence the moment of inertia is 

'■rrr { 3 ?dx dy dx = % a®, 
where a is the edge of the cube. 
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EXERCISES 

1. Find by triple integration the volume of the pyramid bounded by 
the coordinate planes and the plane jr + y + 2 = 1. 

2. Find the moment of inertia of the pyramid in Ex. 1 aljout the 
ar-axis. 

3. Express the volume of the cone 

(z - 1/^ - + 2 /* 

in the first octant as a triple integral in 6 ways by mtegrating with dx, 
dy, dz arranged m all possible orders. 

4. Find the volume bounded by the cylinder 

2® =: 1 — X " y 

and the coordinate planes. 

6. Find the volume bounded by the r?/-plane and the surface 
2 = 1 - 


6. Find the volume bounded by the surfaces 2 /“ = 4 a- — 3 ax, y* =» 
ax, 2 = zfcA. 

7. Find the volume bounded by the plane x ~ 0 and the cylinders 

2/2 + 2 ^ = ^ 2 , 2 = = _ (IX, 

8* Fmd the volume cut from the paralx^loid 2 = x- -r 2 /- by the 
plane 2 = 2 x. 

9. A wedge is cut from the base of a e\ Under of radius a by a plane 
passing through a diameter ABol the base and inehned 4o’ to the base. 
Find its moment of ineruia about the axis A B. 

10, Fmd the center of gravity of a body having the form of an octant 
of the ellipsoid 



6-^ c* 


= 1. 


11. Fmd the center of gravity of the solid bounded b^^ the paraboloid 

c 


and the plane z — c, 

12* Fmd the moment of inertia of the ellipsoid 


^ + + = i 

a* ^ ^ c* 


about the 2 -axis. 
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138. Cylindrical Coordinates. — Let M be the projection 
of P on the a^-plane. Let r, 6 be the polar coordinates of M 
in the xj/-plane. The cylindrical coordinates of P are r, 6, z. 

From Fig. 138a it is evident that 

X = r cos 0, y = r sin 5. 

By using these equations we can change any rectangular 
into a cylindrical equation. 



The element of volume in cylindrical coordinates is the 
volume PQ, Fig. 138b, boimded by two cylindrical surfaces 
of radii r, r + Ar, two horizontal planes z, z + Az, and two 
planes through the z^axis making an^es 0, 0 -i- Ad with OX. 
The base of PQ is equal to the polar element MN in the xy- 
plane. Its altitude PR is Az. Hence 

do = rdJd dr dz. (138) 

This value of do can be used in the formulas for volume, 
center of gravity, moment of inertia, etc. In problems con¬ 
nected wiili cylinders, cones, and spheres, the resulting 
int^iations are usually much easier in cylindrical than in 
rectangular coordinates. 
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Fig. 138c. 
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Example 1. Find the moment of inertia of a cylinder 
about a diameter of its base. 

Let the moment of inertia be taken about the a^axis, 
Fig. 138c. The square of the distance from the element PQ 
to the x-axis is 

iJ2 = j/2 + ^ = r2sin*0+z2. 


The moment of inertia is therefore 

/ ptir Ph Pa 

R^dv = I I I sin® 6 z^) r dd dz dr 

«/o Jo Jo 


Ttc^h 

12 


(3 a®+ 4 A®). 


The first integration is a summation for elements in the 
wedge RS, the second a summation for wedges in the slice 
OMN, the third a summation for all such slices. 

Ex. 2. Find the volume bounded by the xy-plane, the 
cylinder a? + j/® = ox, and the sphere x® + 2 /® + z® = a®. 



In cylindrical coordinates, the equations of the cylinder 
and sphere are r = a cos 6 and r® + s® = o®. The volume 
required is therefore 


V 





r dB dr da = i cfi (Zt — 4). 
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139. Spherical CoSrdinates. — The spherical coordinates 
of the point P (Fig. 139a) are r = OP and the two an^es d 
and <i>. From the diagram it is 
easily seen that 

a: = r sin ^ cos 6, 
y = r sin sin 6, 

2 = r cos <j). 

The locus r — const, 
sphere with center at 0; 
const, is the plane through OZ 

making the angle 9 with OX; _ 

, i • j 1 Fig. ISQdt. 

<f> = const. IS the cone gener¬ 
ated by lines through 0 making the angle with OZ. 

The element of volume is the volume PQRS bounded 




by the spheres r,r + Ar, the planes 9,6 A9, and the cones 

Ip, + A<t>. When Ar, A<j>, and A6 are very small this is 
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approximately a rectangular parallelepiped. Since OP = r 
and POB = A«#», 

PR = rA^. 

Also OM = OP sin ^ and the arc PS is approximately equal 
to its projection MN, whence 

PS = MN = r sin ^ A0, 

approximately. Consequently 

Ai; = PR • PS • PO = r® sin ^ A5 • A<^ • Ar, 

approximately. When the increments are taken smaller 
and smaller, the result becomes more and more accurate. 
Therefore 

du = "P dB d4 dr. (139) 

Spherical coordinates work best in problems connected 
with spheres. They are also very useful in problems where 
the distance from a fixed point plays an important role. 



Example. If the density of a solid hemisphere varies as 
the distance from the center, find its center of gravity. 

Take the center of the sphere as origin and let the 2 -axis 
be perpendicular to the plane face of the hemisphere. By 
i^nnmetry it is evident that x and y are zero. The density 
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is p 


z 


hr, where k is constant. Also s = r cos 


I z dm I 

fdm f 


krzdo 


P2 Pa 

Jo Jo Jo 


7^ COS 0 sin 4> dB dr 


*• /*2 pa 


7^^<t>dBd4>dT 


Hence 



EXERCISES 

1. Find the volume bounded by the sphere x® + = 4 and 

the paraboloid — ^z. 

2. Fmd the volume cut from the sphere x® + 2 /® + = a* by the 

cone x® + 2/^ = 2 ^. 

3. Find the volume bounded by the X2/-plane, the cylinder x^ + 2 ^® = 
2 ax, and the cone 2 * = x® + y^, 

4. Fmd the volume bounded by the surface z = e-C^^+y-) and the 
X2/-plane. 

6. Find the volume of the cylinder x^ + y- = 2 ax intercepted be¬ 
tween the paraboloid — 2 az and the xz/-plane. 

6. Fmd the moment of mertia of a right cone, radius of base a, alti¬ 
tude hj and mass M, about an axis through the vertex parallel to the 
base. 

7. Find the moment of inertia of a sphere of radius a and mass M 
about a tangent line. 

8. Find the center of gravity of a right circular cone of density pro¬ 
portional to the distance from the vertex. 

9. Fmd the center of gravity of the volume common to a cone of 
vertical angle 2 a and a sphere of radius a, the vertex of the cone bemg 
the center of the sphere. 

10. Find the center of gravity of the volume bounded by a spherical 
surface of radius a and two planes passing through the center mcludmg 
an angle of 60®. 

11. The vertex of a cone of vertical angle 60° is on the surface of a 
sphere of radius a. If the axis of the cone is a diameter of the sphere, 
find the moment of inertia of the volume common to the cone and sphere 
about this axis. 
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12. A segment is cut from a sphere of radius a by a plane at distance 
ia from the center. Find its moment of mertia about a diameter 
parallel to this plane. 

13. The mner and outer radii of a spherical shell are r — a, r = 

If its density is p, find its moment of mertia about a diameter. 

14. A spherical shell of inner radius 5 in. and outer radius 6 in. is cut 
by a plane at distance 3 in. from the center. Fmd the moment of inertia 
of the segment cut off about the diameter perpendicular to the plane. 

16. A spherical shell of inner radius 5 in. and outer radius 6 in. is cut 
by two parallel planes on the same side of the center at distances 3 in. 
and 4 in. from the center. Find the moment of inertia of the segment 
between the planes about the diameter perpendicular to the planes. 

16. Through a sphere of radius 5 in. a hole of radius 3 in. is bored, the 
axis of the hole being a diameter of the sphere. Find the moment of 
inertia of the ring thus formed about the axis of the hole. 

17. The inner and outer radii of a hemispherical shell are r = a, 
r = 6. Find its center of gravity. 

18. An anchor ring of mass M is bounded by the surface generated 
by revolving a circle of radius a about an axis m its plane at distance b 
(greater than a) from its center. Fmd its moment of inertia about this 
axis. 



CHAPTER XrX 

SERIES AND APPROXIMATIONS 


140. Series. — A sum 

Ml + W2 + Ws + * • • + M» + * • ■ 

containing an infinite number of terms added in a definite 
order is called an infinite series. If the sum of the first n 
terms approaches a definite limit when n increases indefinitely 
the series is said to converge and the limit is called the sum of 
the series. 

As an example, consider the geometrical series 

a ar ai^ ar^ • • • + of" -t- • • • . 

This converges when r is numerically less than 1. For the 
sum of the first n terms is 

1 TT^ 

<S„ = a + ar + ar* + • • • + On-i = a- - . 

1 — r 

If r has a numerical value less than 1, r* approaches zero and 
S» approaches 



as n increases indefinitely. 

If the sum of the first n terms does not approach a limit 
when n increases indefinitely, the series is called divergent. 
In such a case the smn may become infinite as in the series 

1 + 2 + 4 + 8 + 16 + - • • 

or the sum while remaining finite may oscillate over a range of 
values as in the series 

1 - 14 - 1-1 + 1-1 + 1-1 • • - , 
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where the sum of n terms is 1 or 0 according as n is odd or 
even. 

141. Tests for Convergence. — Series are used to repre¬ 
sent values of functions. An infinite series has a definite 
value only when it converges. Hence it is very important 
to know whether a given series converges or not. 

The terms near the beginning of the series (if they are all 
finite) have no influence on the convergence or divergence 
of the series. This is determined by terms indefinitely far 
out in the series. 

General Test. — Fcrr the series 

Ml + + Ms + • • • + w» 4* • • • 

to converge it is necessary and sufficient that the sum of terms 
beyond Un approach zero as n increases indefinitely. 

For, if the series converges, the sum of n terms must ap¬ 
proach a limit and so the sum of terms beyond the nth must 
approach zero. 

Comparison Test.—A series is convergent if beyond a 
certain poini Us terms are in numerical value respectively less 
Ihm those of a convergeni series whose terms are all positive. 

For, if a series converges, the sum of terms beyond the nth 
will approach zero as n increases indefinitely. If then an¬ 
other series has lesser corresponding terms, their sum will 
approach zero and the series will converge. 

Ratio Test. — If the ratio of consecviive terms approacJies 
a limit r as n increases indefinitely, the series 

M1 + M2 + M8H- • * * + M» + Un+\ + • • • 

is convergent if r is numerically less than 1 and divergent if r is 
numerically greater than 1. 

Siuce the limitis r, by taking n sufficiently large the ratio 
of consecutive terms can be made as nearly r as we please. 
I£r < 1, let ri be a fixed number between r and 1. We can 
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take n so large that the ratio of consecutive terms is less than 
Ti. Then 


M»+i < '•'iUn, ti »+2 < nunJi^i < r^, etc. 

Beyond the terms of the given series are therefore less than 
those of the geometrical progression 

Un + TiUn + + • • • 

which converges since n is niimerically less than 1. Con¬ 
sequently the given series converges. 

If, however, r is greater than 1, the terms of the series must 
ultimately increase. The terms do not then approach zero 
and their sum cannot approach a limit. 

Example. Find for what values of x the series 

a;-|-2a:®-}-3a^-l“4a^ + • • • 


converges. 

The ratio of consecutive terms is 

tin naf \ '^ nj ' 

The limit of this ratio is 



The series is then convergent when x is numerically less 
than 1. 

142. Power Series. — A series of the form 

P(x) = Oo + H- • • • + + • • • , 

where oo, fli, 02 , • • ■ ; a«, • * • are constants, is called a 
power series. 

If a power series converges when x = b it will converge for 
all values of x numerically less than b. 
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In fact, if the series converges when x = b each term of 
do "I" o,]]b “1“ daft® + CI 3 &® 

will be less than a maximum value M, that is, 

la,6»l < M* 

Consequently 

, , ^ M 
l®»l [5|»' 

The terms of the series 

do + diX + daX® + djo:® + • • • 

are respectively less than those of the geometrical series 

in which the ratio of consecutive terms is 

X 

b • 

If then |a:| < j6| the geometrical series and consequently the 
given series will converge. 

If a power series diverges when x = b it will diverge for all 
values of x numerically greater than b. 

For it could not converge when la;l> 1&| siuce by the proof 
just given it would then converge at cc = 6. 

In case of a power series there is then a number b such that 
the series convei^es when x is numerically less than b and 
diverges when x is numerically greater than b. At the 
limits, X = ±6, the series may or may not converge. In 
more advanced treatises it is shown that within a common 

• The notation la»6“l is used to represent the niunerical value of a«6» 
without its algebraic sign. Thus 

1-3| = I3| - 3. 
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region of convergence (but possibly not at the limits) power 
series can be added, subtracted, miiltiplied, divided, differ¬ 
entiated, and integrated like polynomials. In case of divi¬ 
sion by a series the region of convergence for the quotient 
wiU however usually not extend beyond any point at which 
the denominator is zero. 

143. Maclatnin’s Series. — Within its region of con¬ 
vergence a power series represents a continuous function. 
Suppose a given function fix) is expressible by means of a 
series of the form 

f(x) = ao + aix + a^- -{-aaa^ + * • • > 

the equality holdiug within the region of convergence of the 
series. In Art. 147 we shall show that most ordinary fimc- 
tions can be represented by series of this form. 

To find the coeflacients ao, Oi, Ca, etc., we need merely sub¬ 
stitute a: = 0 in f{x) and its derivatives. To illustrate the 
process suppose the function f(x) is sin x. Then 

sin a; = Oo + Oia: -1- -f- -f + * • • . 

Differentiating both sides successively T\'ith respect to x, 
we get 

cos X = ai + 2 a 2 X + 3 03 X* -1- 4 a 4 X® + 5 a^x* , 

—sin X = 1 • 2 a 2 + 2 - 3 a 3 X + 3 - 4 a 4 X® 4 - 4 - 5 a 5 ic®+ • • • , 
—cos x = 1-2-3 Os+ 2- 3- 4 a 4 X-t- 3 - 4-5 osx^ + • • • , 
sin X = 1-2-3-4 04+ 2- 3- 4- 5 Cax + ■ * * > 
cos X = 1 - 2 - 3 - 4 • 5 as + - • • , 

Substituting x = 0 in each of these equations, we find 

Oo — 0, ai ^ 1, a2 ^ 0, as — ^ |, a4 — 0, as ^ | • 

Consequently 

x^ , X® 

smx = x-^ + ^,- • • • . 

Similarly, if 

/(x) = ao + Cix + a 2 X® + osx® + • • • 


7 



274 


CALCULUS Chap. XIX. 


by repeated differentiation we find 

/^(x) = fli “t" 2 Q,^ -|“ 3 OaX® 

/"(x) = 1 • 2 02 + 2 • 3 + • • * » 

= 1'2‘3o3 4* * * ■ > 

where fix), fix), f'ix) represent the first, second, and 
third derivatives of fix). 

By substitutiog x = 0 in these equations we get 

00 =/(O), ai=f(0), a 2 =ir( 0 ), 03 = -/'"(O), 

where /(O) is the value obtained by substitutiog x = 0 in 
fix). Hence 

/(x)=/(0)+/'(0)x + |r(0)x2 + lr'(0)x»+- • • . (143) 


This is called Madaurin’s series. 

Example 1. Expand ln(l + x) in a Maclaurin series and 
determine its region of convergence. 

In this case 


fix) = ln(l + x). 

3 

II 

0 


m = 1 , 


no) = - 1 , 

^"'W=(l+x).' 

mo) = 2 , 

Mx) = 

^ =^(l+x)-’ 

fiO) = ±(n - 1)!. 


Hence 


1 /i 1 \ X* , X* x^ , X* , 

ln(H-x)=x-^ + ^-^+ • • . ± —+ 


The ratio of the (n + l)st to the nth term is 


n 

n + 1®’ 
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which approaches the limit —z when n increases indefinitely. 
Hence the series converges when x is numerically less than 1. 

Example 2. Find the value of sin (15®) correct to four 
decimals. 

The series for sm x obtained above is 

sin^ = ^-3! + r! 

The circular measure of 15® is 

^=^=, 28180 . 

A rough calculation shows that the third term in the series 
is too small to influence the fourth decimal. Hence 

sin (15®) = .26180 - 

= .26180 - .00299 = .2588. 


EXERCISES 


Expand each of the following functions into a Maclaurin series and de* 
termine the region of its convergence: 

/*»4 #*>6 

1. Cosx = 

2. e. = l+x+| + |j+|+.... 


3. 2* = l+ xln2 


(x In 2)2 (x In 2)® 


2 ! 


3! 


4. (a + x)^ = aP-^X“ + 


- 6, Expand Infl + a;) and In(l — x) and by combining the resulting 
series show that 

+ • • •) 

6. Expand cos x into a Maclaurin series and verify by multiplying 
the series for by that for cos x. 
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7. Expand tan x into a Maclaurm series and verify by dividing the 
series for sm x by that for cos x. 

8. By expanding cos 2 x show that 


1—cos2a; ^.x^ ^.x^ , ^. 2 ^ 

-2--2^4!+2 6! 


9. If [ar| < 1, show that 
1 


1-x^+x^ + 


1 +x^ 

By integrating term by term show that 

tan-^’x = I T 
Jo 1 


dx x^ , x^ x^ , 


10 . By a method similar to that iised in Ex. 9, show that if |x| < 1 
, lx’ , 1 3a;» , 1 3 , 

sm-ix = x + 2 3 + 2 * 45 - + 2-4*67 + 


11. By using the series of Ex. 10 and the equation 



calculate w to four decimals. 

12. If i = V — 1, by expanding into Maclaurin^s series show that 

eio = cos ^ + i sin 6, 
er-id = cos 6 — i sin 


Determine the values of the following fxmctions correct to four deci¬ 
mals: 


13. cos 20®. 

14. tan 10®. 
16. sec 18®. 


16. sin 36®. 

17. Vi; 

18. In (1-2). 


144. Taylor’s Series. — When x is small the values of 
a?, a?, etc., diminish rapidly as the exponent increases. A 
satisfactory approximation for a given function can then 
usually be obtained by taking only a few terms in its Mac- 
laurin’s expansion. But if x k large it may be necessary to 
go far out in the series to reach a point where the terms are 
small enough to neglect. In such cases a different form of 
expansion called Taylor’s series may be more convenient. 



Chap. XIX. SERIES AND APPROXIMATIONS 


277 


Let a be a constant and assume that fix) can be expressed 
as a series in powers of x — a. That is, let 

fix) = Go + ai(x — a) + azix — a)® + aaix — a)® + • * •. 
By successive differentiation we get 

fix) = Gi + 2 a^ix — a) + 3 asix — a)® + • • • , 
f'ix) = 1 • 2 Ga + 2 • 3 G3(x — g) + • • ■ , 
f"'ix) = l*2*3a3+ • • • . 

Now let X = G. In each equation all the terms vanish 
except the first and so we find 

f'(a) 

oo = /(g), Gi = fia), a 2 =-'-^, etc. 
Substituting these values, we get 

fix) = fia) + fia) (x - o) (x - g)® 

ix-a)^ + ‘ . (144) 

This is called Taylor’s series. To compute fix) by tbia 
formula we must know the values of /(a), fia), fia), etc- 
We must then assign a value to a such that fa), fia), etc., are 
all hnown. Furthermore a shotM he diosen as dose as possible 
to the vaXue x at which fx) is wanted. For, the smaller x — a, 
the fewer terms (x — a)®, (x — g)®, etc., need be computed 
to obtain a desired approximation. 

Since Taylor’s series converges most rapidly for values of 
X near a it is often called the expansion of the fimction in the 
neighborhood of x = g. Comparison of (143) and (144) 
shows that Maclaurin’s series is merely the special form 
assumed by Taylor’s series when x = 0. That is, Mac- 
laurin’s series gives the expansion of the function in Hie 
neighborhood of x = 0. 
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Example 1. Expand In a: in the neighborhood of x 
In this case a = 1, 


= 1 . 


f(x) = In 

m=l, 

rw = -i, 

r"(x)=-|, 


/(a) = 0, 

m = 1 , 
no) = - 1 , 
n(a) = 2 , 

= - 6 . 


Therefore Taylor’s expansion has the form 


1)^ 


4 


+ 


Example 2. Find tan 46° to four decimals. 

The value nearest 46° for which tan x and its derivatives 


are known is 45°. Therefore we let a; = -r 

4 

fix) = tan X, f(^ = 1, 

/'(x) = sec* X, 

f'ix) = 2 sec® X tan x, ~ 

f"ix) = 2 sec^ X + 4 sec® x tan® x, = 16. 


Using these values Taylor’s series for tan x assumes the form 
tanx = l + 2(x-|^+2(x-|^ +|^x-|^V • • • . 

When X = 46°, 

T T nifTAf 
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Powers beyond the second are evidently too small to in¬ 
fluence the fourth decimal. Hence 

tan 46° = 1 + 2 (.01745) + 2 (.01745)* 

= 1 + .03490 + .00061 = 1.0355. 

146. Remainder in Taylor’s Series. — We have assumed 
that a function f{x) can be represented by a convergent 
series in powers of a; — a. We shall now show that under 
very general conditions this assumption is justified. For 
that purp)Ose let R be the number such that 

fix) =fia) + f'ia) (x - a)+^-^ (x - a)* -1- 

(a: - a)” + fi:. 

This number R is called the remainder in Taylor’s series. 
It is the error committed when we drop all powers beyond 
the nth. If R approaches the limit zero when n is indefi¬ 
nitely increased, Taylor’s series is convergent. 

We shall first find an expression for R in the special case 
when n = 0 and then extend the result to the general case. 

146. Mean Value Theorem. — If fix) and fix) are 
coniinuous from x = a to x = b there is a value x\ between 
a and b such that 


f^^—^^fixi). (146a) 

0 CL 

This is known as the mean value theorem. To prove it 
consider the curve y = fix). Since /(a) and /(fe) are the 
ordinates at x = a and x = 6 

/(&) - fia) ^ Qf ^Yiord AB. 
b — a 

On the arc AB let Pi be a point at maximum distance from 
the chord. The tangent at Pi will be parallel to the chord 
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and so its slope f{x{) will equal that of the chord. 

m -m 


Hence 


b — a 




which was to be proved. 

In particular, if 

/(a) -/(6) =0, 

equation (146a) shows that f'(xi) = 0. That is, if fix) and 
f'ix) are continuous, there is at least one real root of fix) = 0 



between each pair of real roots of fix) = 0. This is known as 
Rollers theorem. 

Replacing 6 by a: and solving for fix), equation (146a) 
becomes 

/(a:) =/(a) + (x-a)f(xi), (146b) 

where Xi is some value between a and x. This is a special 
case of a more general theorem which we shall now prove. 

147. Taylor’s Theorem. — If fix) and all its derivatives 
used are continuous from a to x, there is a value xi between 
a and x suck that 


fix) = fia) +fia) ix - a) (x - a)* H- 


. fjo) 

^ nl 


ix — a)* + 


(n+l)I 


(x 


a)“+^ 
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To prove this let 6 be a value such that f(x) and all the 
derivatives used are continuous between x = a and x = b. 
Also let B be the number such that 


fQ>)=Ka)+f’(a) {b-a) + 
B 




n\ 


+ 


(n + 1)! 


(6 — a)“+^. 


and let 

4>{x) =fix) -f(a) (x - a) - ■ 

(x — a) 


(X - «)” 


B 


(n + l)l 


Now <i>(x) is zero when x = a and also when x = b. By 
KoUe’s theorem there is then a value bi between a and b 
such that 

= 0 . 

Therefore 

4>'(x) =f(x) -f'(a) -- ~ 


is zero when x = a and also when x = 6i. There is conse¬ 
quently a value &2 between x = a and x = bi (and so between 
X = a and x = b) such that 

^<l>\x) = = 0 . 


Continidng this process we ultimately reach a value 6«+i 
between x — a and x = b such that 

<^»+i(6„+i) —5 = 0. 

If then bn+i — X\, we have 

B=fn+l(^^ 
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and so 


S0) “/(a) +/'(o) (!.-<.)+•■• 0 - a)- 


(n + 1)! 


(6 - a)»+^ 


Eoplaeing & by a: in this last equation we have Taylor’s 
theorem. 

The remainder in Taylor’s series (dej&ned in Art. 145) 
is then 


^ “ (n + 1)! 


(x 


a)»+S 


where Zi is some value between a and x. If the limit of 
this is zero when n becomes infinite, the series converges 
and has a value equal to the function. By calculating this 
remainder we can justify any of the expansions we have used. 

Placing o = 0 we obtain the remainder for Maclaurin’s 
series in the form 


R = 


(w + 1)! 




1 

9 


where x\ is some number between 0 and x. 

Example. Calculate In (1.3) determining the approxi¬ 
mate error. 

Expanding in the neighborhood of x = 1, by Taylor’s 
theorem we have 


Ina: = a — 1 


{x - 1)^ {x - 1)» 
2 3 


- D* 
4a:i4 ’ 


where Xx lies between 1 and x. When a; = 1.3 the value 
given by the first three terms is 

In (1.3) = (.3) -= .264, 
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the error being 


Smce x\ lies between 1 and 1.3 this will not be decreased in 
numerical value if we replace xi by 1. Hence 

\R\ ^ ^ .002. 

The correct value obtained from a table is 

In (1.3) = .2623 

showing that the actual error in the above approximation is 

\R\ =.0017. 


EXERCISES 

Expand each of the following functions into Taylor^s series using the 
given value of a: 

1. sin re, ® ~ g ’ 0 = 4. 

2. cos X, ® ~ i * ^ tan-* rc, a = 1. 

6. Compute sm 65® to four decimal places by Taylor’s series. 

6. Compute cos 75° to four decimal places by Taylor’s series. 

7. Compute tan 55° to four decimal places by Taylor’s series. 

8. Given In 5 — 1.6094 find the value of In 6. 

9. In computing sin x or cos x by Maclaurm’s series show that the 
error resulting from stoppmg at any point is less than the next non¬ 
vanishing term in the senes. 

10. Find the value of sec (50°) to four decimals, proving the correct¬ 
ness of the approximation by finding an upper limit for the remainder. 

11. Determine the value of '^26 to four decimals by expanding 
in a Taylor’s series with a = 25 and finding the approximate error. 

12. How many terms in the Maclaurin expansion for In (1 + a;) are 
needed to calculate In (.8) to 6 decimal places? 

148. Approximate Integration. — It is sometimes impos¬ 
sible to evaluate a definite integral 
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by direct integration. In other cases an expression for the 
integral can be found but it does not have a form convenient 
for computation. In such cases the value can be found with 
any desired accuracy by methods of approximation. 

The simplest procedure is to resolve the area represented 
by the integral into rectangles with equal bases Ax as was 
done in Chapter XII. If yi, ys, • - ’ ,y„ are the ordinates 



of the curve y = /(x) at x = a, x = &, and the points of 
division, the integral is approximately equal to 

^^/(x) Ax = [yi + y* + • • • 4* y»-i] Ax. 


A better approximation wiU, however, nearly always be 
obtained if we replace the arcs P 1 P 2 , P 2 P 3 , etc. (Fig. 148), by 
chords and in place of the rectangle in each section take the 
trapezoid between the x-axis and the chord at its top. The 
value thus obtained is 

^ /(x) d® = f [yi + j/z] Ax + J [yz + 2/3] Ax + • • • 

+ i [yn-\ 4 - /] Ax 

= i [2/1 + 2 2/2 + 22/3 + • • • + 2 1 + Ax. 


This expression for the integral is known as the trapezoidal 
rvle. By taking Ax sufficiently small any desired approxi¬ 
mation can be obtained. 
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Example. Find an approximate value for the integral 

dx 

Jo IT^' 

Divide the interval from 0 to 1 into five parts 

Ax = 0.2. 

The values of the function 

at a; = 0, a: = 1, and the points of division are 
yi = 1.0000, Vi = .9921, ys = .9399, 

yi = .8224, yo = .6614, yo = .5000. 

The trapezoidal rule gives for the integral 

Jo r+^ = ibi4-22/2 + 2s/3 + 22/4 + 22/5 + 2/.](0.2) = .833. 

The value found by integration is 


^ln2 + 


TT 

3 ^ 


.8356. 


149. The Prismoidal Formula. — Let 2/i, ys, be two or¬ 
dinates of a curve at distance h apart, and let 2/2 be the 
ordinate midway between them. The area bounded by the 
a>-axis, the curve, and the two ordinates is given approxi¬ 
mately by the formula 


^ = i Hyi + 4 2/2 + 2 / 3 ). (149a) 



This is called the prismoidal 
formula because of its simi¬ 
larity to the formula for the 
volume of a prismoid. 

If the equation of the 
curve is 


y = a + bx + ca^-{- dx®, (149b) 


where a, 6, c, d are constants (some of which may be zero), 
the prismoidal formula gives the exact area. To prove this 
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let h be the abscissa of the middle ordinate and t the dis¬ 
tance of any other ordinate from it (Fig, 149a). Then 

X — h + t. 


If we substitute this value for x, (149b) takes the form 
y — A. Bt ■{“ -f* Dfi, 

where A, B,C,D are constants. The ordinates j/i, ya, ys are 

h h 

obtained by substituting t = — ^, 0, ^. Hence 


Hence 


yi + 4 ya + ys = 6 A + ^ CA®. 


Also the area is 


/ 2 A® 

ydt = Ah + Cj^- 


This is equivalent to 

1^6 A +^0^2^ = I (yi + 4 y 2 + ys), 
which was to be proved. 

If the equation of the curve does not have the form (149b), 
it may be approximately equivalent to one of that type and 
so the prismoidal formula may give an approximate value 
for the area. 

Example 1. Find the 
area bounded by the 
x-axia, the curve y = 
e~**, and the ordinates 
a; = 0, a; = 2. 

The integral 

e~^dx 




cannot be expressed in terms of elementary functions. There¬ 
fore we cannot obtain the area by the methods that we 
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have previously used. The ordinates yi, yt, yz, in this case 
are 

yi = 1, 2/2 = e-\ yz = e-*. 

The prismoidal formula, therefore, gives 

The answer correct to 3 decimals (obtained from a table) is 
0.882. 

Ex. 2. Find the length of the parabola y® = 4 x from 
X = 1 to X = 5. 

The length is given by the formula 



By integration we find s = 4.726. To apply the prismoidal 
formula, let _ 



Then = 4, 


2/1 = 2/2 = 2/3 = 

and 

S = l(^^ + 4Vi +V|) = 4.752. 



Ex. 3. Find the vol¬ 
ume of the spheroid 
generated by revolving 
the ellipse 

a® ^ 6® 

about the x-axis. 

The section of the 


spheroid perpendicular to OX has the area 
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F = 



A dx. 


Since J. is a polynomial of the second degree in x (a special 
case of a third degree polynomial), the prismoidal formula 
pves the exact volume. The three cross-sections corre¬ 
sponding to X = — a, X = 0, X = a, are 

Ai ~ 0, j 4.2 = 7r6^, As = 0. 

Hence 

7 = ^ [Ai -1- 4 As + As] = ^Tdb\ 


150. Simpson’s Rule. — Divide the area between a curve 
and the x-axis into any even number of parts by means of 
equidistant ordinates yi, y±, yz, , ?/„. (An odd number 
of ordinates will be needed.) Simpson’s rule for determining 
approximately the area between yi and is 

A —r, / yX + 4:^2-|- 2^3-t-4^4+ 2 j/s + • • • +y7» \ /tern 

V l-l-4-l-2-f4 + 2-l-----hl 


h being the distance between the ordinates yi and j/„. In 
the numerator the end coelEcients are 1. The others are 
alternately 4 and 2. The 
denominator is the sum of 
the coefficients in the num¬ 
erator. 

This formula is obtained 
by applying the prismoidal 
formula to the strips taken 
two at a time and adffing 
the results. Thus if the area 

is divided into four strips by the ordinates yi, y^, yz, y*, ys, 

Jl 

the part between yi and yz has a base equal to Its 
area as ^ven by the prismoidal formula is 
1 h 
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Similarly the area between and yi is 

^ ^ (?/3 + 4 j/4 + 2/5). 

The sum of the two is 

4 _ t / 2/1 + 41/2 + 2 j/3 + 4 j/4 + 2 / 5 ' 

V 12 


By using a suflBlciently large number of ordinates in 
Simpson’s formula, the result can be made as accurate as 
desired. 

Example. Find In 5 by Simpson’s rule. Since 


In 5 = 



we take y = - in Simpson’s formula. 

Ct/ 

into 4 parts we get 


Dividing the interval 


to 5 = 4 (i±l:i±M±lii±i) 


1.622. 


If we divide the interval into 8 parts, we get 
ln5 = ^(l + f + |+ J + § + f + |- + | + i) = 1.6108. 


The value correct to 4 decimals is 

In 5 = 1.6094. 


161. Integration in Series. — In calculating integrals it 
is sometimes convenient to expand a function in infinite 
series and then integrate the series. This is particularly the 
case when the integral contains constants for which numerical 
values are not assigned. For the process to be valid all 
series used should converge. 

Example. Find the length of a quadrant of the ellipse 
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Let a be greater than b. Introduce a parameter 0 by the 
equation 

a; = a sin <(>. 

Substituting this value in the equation of the ellipse, we find 

y = b cos 4>. 


Using these values of x and y we get 

*■ 

s = J* V dx^ 4 - dy^ = J' Vo- — (a^ — sin^ 4, d4>. 


This is an elliptic integral. It cannot be represented by an 
expression containing only a finite number of elementary 
functions. We therefore express it as an infinite series. By 
the binomial theorem 


v^o^ — (o^ — b^) sin^ 

r, 1 - b® . , 1 /a2 - bA® • . 1 

=4 • • •} 


Since 


J~<t>J* sin*<f>d<l> =~} 


we find by integrating term by term 

fx X a® — b® 3x /a® — b^V 

®”“L2“8~^ i28V 02 ) 
xoT, o^-b® Z/a?-b^y 1 

“TL—•' 'J- 


If a and b are nearly equal, the value of s can be calculated 
very rapidly from the series. 


EXERCISES 

1. Compute 

InlO=r^ 

Jl X 

approximately, using the trai)ezoidal rule with Aa; = 1, and compare 
with the value obtained by integration. 

2. Compute 


£ vr^tfo 
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approximately, using the trapezoidal rule with Ax = 0.2, and compare 
with the value obtained by integration. 

3. Determine the error when the value of the int^ral 



x^dx 


is found by the prismoidal formula. 

4. Show that the prismoidal formula gives the correct volume in each 
of the following cases: (a) sphere, (b) cone, (c; cylmder, (d) pyramid, 
(e) segment of a sphere, (f) trimcated cone or pyramid. 

In each of the followmg cases compare the value given by the pris¬ 
moidal formula with that obtained by mtegration: 

6. Area bounded by 2/ = y — 0, a; = 1, a: = 5. 

6. Arc of the curve 2 ^ =* J fc* + from a; ~ 0 to r = 1. 

7. Volume generated by rotating one arch of the curve y = sin x 
about the a;-axis. 

Compute each of the following definite integrals using Simpson’s 
rule with four intervals: 

"•X’rra- 

9. “•Xk- 

12. Find the area of the surface generated by rotating the ellipse 

a;2 + 4 ^2 4 


about the a;-axis. 

By expanding into series find the values of 


13. 

14. 

16. 

16. 


^ sin (a;2) dx. 

tr 

^ Vcosrcte. 
^ dx. 


r sin Qsx) 

X 


as a series in powers of X. 

17. Find the length of a quadrant of the ellipse 

3a;2 + 4y2 - 12. 
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DIFFERENTIAL EQUATIONS 

162. Definitions. — A differential equation is an equation 
containing differentials or derivatives. Thus 

(a^ y^) dx 2 xy dy — 0, 

dz^ dz 

are differential equations. 

A solution of a differential equation is an equation connect¬ 
ing the variables such that the derivatives or differentials 
calculated from that equation satisfy the differential equa¬ 
tion. Thus y = z^ — 2zis& solution of the second equation 
above; for when a;® — 2 a; is substituted for y the equation is 
satisfied. 

A differential equation containing only a single independent 
variable, and so containing only total derivatives, is called 
an ordinary differential equation. An equation containing 
partial derivatives is called a ‘partial differential equation. 
We s hall consider only ordinary differential equations in this 
book. 

The order of a differential equation is the order of the 
highest derivative occurring in it. 

163. Illustrations of Differential Equations. — Whenever 
an equation connectmg derivatives or differentials is known, 
the equation connecting the variables can be determined by 
solving the differential equation. A number of simple cases 
were treated in Chapter I. 

The fundamental problem of iutegral calculus is to find 
the function 

y = J /(®) 

292 
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when / (x) is given. This is equivalent to solving the differ¬ 
ential equation 

dy (x) dtx. 

Often the slope of a curve is known as a function of x and y, 

^ =/(»,»)■ 

The equation of the curve can be found by solving the 
differential equation. 

In mechanical problems the velocity or acceleration of a 
particle may be known in terms of the distance s the particle 
has moved and the time t, 

d$ <Ps 

The position s can be determined as a function of the time by 
solving the differential equation. 

In physical or chemical problems the rates of change of 
the variables may be known as functions of the variables 
and the time. The values of those variables at any time can 
be found by solving the differential equations. 

Example. Find the curve in which the cable of a suspension 
bridge hangs 



Fig. 153. 


Let the bridge be the avaxis and let the 2/-axis pass through 
the center of the cable. The portion of the cable AP is in 
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equilibrium under three forc^, a horizontal tension H at A, 
a tension PT in the direction of the cable at P, and the 
weight of the portion of the bridge between A and P. The 
weight of the cable, being very small in comparison with that 
of the bridge, is n^lected. 

The weight of the part of the bridge between A and P is 
proportional to x. Let it be Kx. Since the vertical com¬ 
ponents of force must be in equilibrium 

r sin 0 = Kx. 

Similarly, from the equilibrium of horizontal components, 
we have 

T cos ^ = H. 


Dividing the former equation by this, we get 


tan (j> ^-j^x. 


But tan <t> = 


_ ^ 


dx 


Hence 


dx~H 


The solution of this equation is 




The curve is therefore a parabola. 

164. Constants of Integration. Particular and General 
Solutions. — To solve the equation 


% 

dx 




we integrate once and so obtain an equation with one arbi¬ 
trary constant, 


y = 


J'f(x)dx + c. 
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To solve the equation 


^ _ 


ds? 


= /(®) 


we integrate twice. The result 

y - J* Jf +oxx + ct 


contains two arbitrary constants. Similarly, the integral of 
the equation 



contains n arbitrary constants. 

These illustrations belong to a special type. The rule 
indicated is, however, general. The coitiplete, or general, 
solviion of a differential equation of the nth order in two vari¬ 
ables contains n arbitrary constants. If particular values are 
assigned to any or all of these constants, the result is still a 
solution. Such a solution is called a particular solution. 

In most problems leading to differential equations the 
result desired is a particular solution. To find this we 
usually find the general solution and then determine the 
constants from some extra information contained in the 
statement of the problem. 

Example L Show that 

—2cx = 0 

is the general solution of the differential equation 
y^-x^-2xy^ = Q. 

Differentiating x® + 2 /® — 2 ex = 0, we get 
2x + 2y^ - 2c = 0, 

whence 

dy c — X 
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Substituting this value in the differential equation, it becomes 

^ — 3^ — 2xy^ = ‘if ~ ~ 2x(c — x) ~ + 3^ — 2cx = 0. 

Hence x® + 2 /®~ 2 cx = 0is a solution. Since it contains 
one constant and the differential equation is one of the first 
order, it is the general solution. 

Ex. 2. Find the differential equation of which y = cie* + 
is the general solution. 

Since the given equation contains two constants, the 
differential equation is one of the second order. We there¬ 
fore differentiate twice and so obtain 

^ = cie* + 2 cae®*, 

^ = cae“+4c2e2». 


Eliminating Ci, we get 


Hence 

or 


da? dx ’ 


% 

dx 


— y = cae®* 


d?y dy 
da? dx 



d?y _ 
dx^ dx 


+ 2y= 0. 


This is an equation of the second order having y = cie* + 
c^* as solution. It is the differential equation required. 


EXERCISES 

In each of the following exercises, show that the equation given is a 
solution of the differential equation and state whether it is the general 
or a particular solution. 
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2. a? — cx, 

Z, y = c^smx, 

A y = Cl + cs sin (2 + Cl), 


(3^ + j/‘)dx — 2xydy ~0. 

^_2^ + 2y = 0. 
dx* dx^ ^ 

^ 4.^-0 

dx^^dx 


Find the differential equation of which each of the following equa¬ 
tions is the general solution: 

_ 7. y = Cl sin X -1- C! cos X. 

• y — Cix ^ 8. ofiy = ci + o» In x + c*x*, 

6. y = cxe®. 9. a? -J- Cixy 4- Cjj/* = 0. 


166. Differential Equations of the First Order in Two 
Variables. — By solving for ^ an equation of the first 
order in two variables x and y can be reduced to the form 


dx 


= f(x,y)- 


To solve this equation is equivalent to finding the curves 
with slope equal to / (x, y). The solution contains one 



arbitrary constant. There is consequently an i nfinit e num¬ 
ber of such curves, usually one through each point of the 
plane. 

We cannot always solve even this simple type of equa¬ 
tion. In the following articles some cases will be discussed 
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which frequently occur and for which general methods of 
solution are known. 

166. Variables Separable. — A differential equation of 
the form Mdx + Ndy = Q 


is called separable if each of the coefficients M and N con¬ 
tains only one of the variables or is the product of a function 
of X and a function of y. By division the a:’s and dx can be 
brought together in the first term, the y’s and dy in the 
second. The two terms can then be integrated separately 
and the sum of the integrals equated to a constant. 

Example 1. (1 + s?) dy xy dx = 0. 

Dividing by (1 + x?) y, this becomes 

^ 

y “ 1 4- 

whence 

Iny = ^ In (1 + x*) + c. 

If c =« In k, this is equivalent to 

In y = In Vl -f x® + In & = In fc Vl+x?, 

and so 

y = k Vl 4- x^, 


where & is an arbitrary constant. 

Ex. 2. Find the curve in which the area bounded by the 
curve, coordinate axes, and a variable ordinate is proportional 
to the arc forming part of the boundary 
Let A be the area and s the length of arc. Then 

A — ks. 


Differentiating with respect to x, 

dA _ , ^ 
dx ~ dx’ 


or 


y=W^+{^J- 
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Solving for 

^ ~ 
dx~ k ' 

•whence 

dy ^ 

Vy2 - *2 jfc ■ 

The solution of this is 

In (y + Vy 2 _ p) = | + c. 

Therefore 


y + V y2 — i’2 ss gi ® _ gcgi g^gi^ 

where Ci is a new constant. Transposing y and squaring, 
we get 

= (cie*) — 2 cie^y + y®. 

Hence, finally, 


y = 



jfc2 

2cx 


e 


Z 


167. Exact Differential Equations. — An equation 

du = 0, 


obtained by equating to zero the total differential of a func¬ 
tion u of X and y, is called an exact differential equation. 
The solution of such an equation is 

u = c. 


The condition that M dx N dy be an exact differential 
is (Art. 122) 


dy dx' 


(157) 


This equation, therefore, expresses the condition that 
M dx + N dy = 0 


be an exact differential equation. 
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An exact equation can often be solved by inspection. To 
find u it is merely necessary to obtain a function whose total 
differential M dz N dy. 

If this cannot be found by inspection, it can be determined 
from the fact that 

du^ Mdx+Ndy 

and so 


By integrating with y constant, we therefore get 
u = J* M dx +f (y). 

Since y is constant in the integration, the constant of inte¬ 
gration may be a function of y. This function can be found 
by equating the total differential of u to M dx + N dy. 
Since df (y) gives terms containing y only, / (y) can usually 
he found by irdegroting the terms in N dy that do not contain x. 
In exceptional cases this may not give the correct result. 
The answer should, therefore, be tested by differentiation. 
Example 1. (2x — y) dx (Ay — x) dy ~ 0. 

The equation is equivalent to 

2 X dx Ay dy — (y dx + X dy) = d(x? +2 y^ — xy) = 0. 

It is therefore exact and its solution is 
a? + 2y^ — xy — c. 


Ex. 2- (hiy — 2x) dx + — 2^dy = 0. 

In this case 


m 

dy 


= ^Qny-2x) 


1 

y 
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These derivatives being equal, the equation is exact, 
solution is 


X In y— — c. 


Its 


The part a: In y — is obtained by integrating {Iny — 2x)dx 
with y constant. The term — y® is the integral of — 2 y dy, 

which is the only term in — 2 y) dy that does not contain x. 


158. Integrating Factors. — If an equation of the form 
M dx + N dy = 0 is not exact it can be made exact by 
multipljing by a proper factor. Such a multiplier is called 
an irUegraiing factor. 

For example, the equation 


xdy ■— ydx = 0 


is not exact. But if it is multiplied by it takes the form 

tc** 


xdy- ydx _ lv\^ 

3? \xj 


which is exact. It also becomes exact when multiplied by 

-4 or —. The functions 4’ "1’integrating factors 
y icy X y~ xy 

of xdy — y dx = 0. 

While an equation of the form M dx + A’ dy = 0 always 
has integrating factom, there is no general method of finding 
them. 

Example 1. y (1 + xy) dx — xdy = 0. 

This equation can be written 

y dx— xdy + xy^dx= Q. 

Dividing by y®. 


Both terms of this equation are exact differentials. The 
solution is 


® I 1 2 

- + s a? = c. 

y 2 
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Ex. 2. (y^ + 2 3iy) dx + (2 3? + 3 xy) dy = 0. 

This is equivalent to 

y^dx + Bxy dy +2 xydx+ 231? dy — 0. 
Multiplying by y, it becomes 

y^dx + B xy^ dy + 2 xy^ dx + 2 3i?y dy = d (3oy^ + *= 0. 

Hence 

xj/* + 3i?y^= c. 

169. Linear Equations. — A differential equation of the 
form 

%-^Py = Q> (159a) 

where P and Q are functions of x or constants, is called 
linear. The linear equation is one of the first degree in one 
of the variables (y in this case) and its derivative. Any 
functions of the other variable can occur. 

If the linear equation is written in the form (159a), 


is an integrating factor; for when multiplied by this factor 
the equation becomes 


The left side is the derivative of 


ye' 


fPi* 


Hence 


is the solution. 


— J* Qds + c 


(159b) 


E3aimple 1 . +-y — a?, 

dx X 
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In this case 

Hence 


J'pdx = J'^dx = 2 In X = In a?. 


Jpix „ 

e — e = xr. 


The integrating factor is, therefore, a?. Multiplying by a? 
and changing to differentials, the equation becomes 
dy + 2 xy dx = dx. 

The integral is 

= I + c. 

Ex, 2. (1 + y^) dx — (xy + y y^) dy = 0. 

This is an equation of the first degree in x and dx. Divid¬ 
ing by (1 y^) dy, it becomes 

dx y 

P is here a function of y and 

/'"* - . * 
vr+7 

Multiplying by the integrating factor, the equation becomes 

dx _ xydy _ ydy 

Vl -f-(1 + yZ)l Vl -by*’ 

whence 


and 


X 

vT+^ 


Vl + c 


a; = l+yi+cVTT?. 


160. Equations Reducible to Linear Form. — An equation 
of the form 


^+Py = Qr, 


(160) 
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where P and Q are functions of x, can be made linear by a 
change of variable. Dividing by y^, it becomes 


If we take 


y-’'-^ + Ptn"*^ = Q. 


yi-« = u 


as a new variable, the equation takes the form 

1 du 


1 — ndx 


+ Pw = Q, 


which is linear. 


m 1 <^1/ I 2 W® 

Example. ^ + ^2/=^* 


Division by y® gives 


,dy . 2 . 1 


Let 

U as ^2. 

Then 

du _ .dv 


dx~ dx’ 

whence 

^ dx 2 dx 


Substituting these values, we get 


and so 


_ 1 ^ I 2 _ ^ 

2dx'x^~x^’ 


^ _ 4_^ 

dx X ~ X? 


This is a linear equation with solution 




or, since u — y~^, 


1 


1 



Chap. XX. DIFFERENTIAL EQUATIONS 305 


161. Homogeneous Equations.—A function f(x, y) is 
said to be a homogeneous function of the nth degree if 

fitx,ty) = t”f(x,y). 

Thus Va:® + is a homogeneous function of the first 
degree; for 

= t Va:® + j/®. 

It is easily seen that a polynomial whose terms are all of 
the nth degree is a homogeneous function of the nth degree. 
The differential equation 

M dx-^N dy = ^ 

is called homogeneous if M and N are homogeneous functions 
of the same degree. To solve a homogeneous equation 
substitute 


y = vx. 

The new equation will be separable. 

- 2/ = Va;® 4- 2/2. 


Example 1. 

This is a homogeneous equation of the first degree. Sub¬ 
stituting y = vx, it becomes 

-f- — vx = Vx® + 


X 


whence 


4 = vr+7. 


This is a separable equation with solution 
X = c {v -H Vl -f ii®). 


V 

Replacing by transposing, squaring, etc., the equation 
becomes 


a? — 2c!y — <?. 
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Solving for we get 

% _ — a? d= 
da: ~ y ’ 

or 

y dy + a; die = ± Vo:® + y® da:. 

This is a homogeneous equation of t he first degree. It is 
much easier, however, to divide by Va:® + y^ and integrate 
at once. The result is 


whence 

and 


a:da: +ydy 
Vx* + y* 


= dbdx, 


Vx® + y® — c=ba; 


y2 = c® ± 2 ca:. 


Since c may be either positive or negative, the answer can be 
written 

y® = c® + 2 cx. 


162. Change of Variable. — We have solved the homo¬ 
geneous equation by taking as new variable 



It may be possible to reduce any equation to a simpler form 
by taking some function « of a; and y as a new variable or by 
taking two functions u and v as new variables. Such func¬ 
tions are often suggested by the equation. In other cases 
they noay be indicated by the problem in the solution of 
which the equation occurs. 

Example. (« —y)®^ —a*. 
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Let X— y = u. Then 

^ dy du 
dx~ dx 

and the differential equation becomes 


whence 




ti? _ 


The variables are separable. The solution is 

, a, u — a , 

X = u +:rln—;-he 

2 u + a 

, a, X — y — a , 


a. x — y — a . 

y = ^In--he. 

^ 2 X -- y + a 


E X kRCISES 

Solve the following diff^ential equations: 

1. — 'i^dz « 0. 

2. tan X sm^ y dx + cos® x cot ydy 

3 . + x)dx + {y — x^y) dy = 0 . 

4 . {xy^ + x)dx + {x^y — 2 /) dy = 0. 

6 . (3 X® + 2 a:y — y®) dx + (x® — 2 xy — 3 y®) dy = 0. 

X— — y == y^, — y) dx + X dy - 0. 

dx 

7. xdx + ydy = a(x® + y®)dy, 13 . (l-x2)^+2xy=(l“X*)*. 

y ^ 14. tanx^ —y —a. 

dx " , 

11. !J?^ — 2xy = Zy. 16- — 


14. tana;^ — y = a. 


16. a;g-3y+a:V = 0. 
16. ! + » =»!/*. 
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17. (a:* — 1)* + (a^ + 3 xy Va:* — Ij dx = 0. 

18. X dx + (x + y) dy — 0. 

19. (x® + y*) dx — 2 xy dy == 0. 

20. ydx-\-{x + y)dy =‘0 

21. (i* — 3 a?y) dx + — a?) dy = 0. 

22. y^dx = (y^ + 2 xe®) dy. 

23. (lyc® + ^®) dx — a?^dy = 0. 

24. (x + g/ — 1) dx + (2 X + 2 2/ — 3) dy = 0. 

25. 3y®^-y* = x. 

“■ (i)’-(*+»'i+*>'-'>• 

30. The differential equation for the charge g of a condenser having 
a capacity C connected in series with a circuit of resistance J? is 

*1 + 5 - 

where E is the electromotive force. Find v as a function of ^ if B is 
constant and g = 0 when « = 0. 

31. The differential equation for the current induced by an electro¬ 
motive force E sin at in a circuit having the inductance L and resist¬ 
ance R is 

L^ + Ri — Esm at. 

Solve for i and determine the constants so that i = I when t = 0, 

Let PT be the tangent and PN the normal to a plane curve at 
P (z, y) (Fig. 162a). Determine the curve or curves in each of the 
fallowing cases: 

32. The subtangent Tifcf = 3 and the curve passes through (2, 2). 

33. The subnormal MN = a and the curve passes through (0, 0). 

34. The intercept OT of the tangent on the a^-axis is one-half the 
abscissa OM. 

36. The length PT of the tangent is a constant a. 

36. The length PN of the normal is a constant a. 

37. The perpendicular from M to PT is a constant a. 
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Using polar coSrdinates (Fig. 162b), find the curve or curves in each 
of the following cases: 



38. The curve passes through (1, Oj and makes with OF a constant 
angle ^ 

39. The angles ^ and $ are equal. 

40. The distance from 0 to the tangent is a constant a. 

41. The projection of OP on the tangent at P is a constant a. 

42. Fmd the curve passing through (0,1) in which the area bounded 
by the curve, x-axis, a fixed, and a variable ordinate proportional to 
that ordinate, 

43. Find the curve in which the length of arc is proportional to the 
angle between the tangents at its end. 

44. Find the curve in which the length of arc is proportional to the 
difference of the abscissas at its ends. 

46. Find the curve in which the length of any arc is proportional to 
the angle it subtends at a fixed point. 

46. Find the curve in which the length of arc is proportional to the 
difference of the distances of its ends from a fixed point. 

47. Oxygen flows through one tube into a liter flask filled with air 
while the mixture of oxygen and air escapes through another. If the 
action is so slow that the mixture in the flask may be considered uniform, 
what percentage of oxygen will the flask contain after 10 liters of gas 
have passed through? (Assume that air contains 21 per cent by volume 
of oxygen i 

163. Certain Equations of the Second Order. — There 
are two forms of the second order differential equation that 
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occur in mechanical problems so frequently that they de¬ 
serve special attention. These are 



The peculiarity of these equations is that one of the vari¬ 
ables (y in the first, x in the second) does not appear directly 
in the equation. They are both reduced to equations of the 
first order by the substitution 



This substitution reduces the first equation to the form 

This is a first order equation whose solution has the form 

p = F(x, Cl), 

. dv 

or, smce P = 

This is again an equation of the first ordej*. Its solution is 
the result required. 

In case of an equation of the second type, write the second 
derivative in the form 

d3^~dx~dy’dx~^dy 
The differential equation then becomes 

p|=/(»,?). 
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Solve this for p and proceed as before. 

Substituting p for we get 


(14-x^)^ + l+P* = 0. 


This is a separable equation with solution 

Cl — X 


V = 


1 +CiX 


whence 


dy = 


1 + CiX 

The integral of this is 

a; , ci^ + l 


c- 


In (1 + ciz) + 


By a change of constants this becomes 

p = ex + (1 + <?) In (c — x) + c' 

Substituting 


dx dx^ ^ dy’ 


we get 


2/P^ + P® = 1- 


The solution of this is 


pV = y^ + Cl. 


dp 


Replacing P by ^ and solving again, we get 


p® + Cl = (x + C 2 )®. 
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Ex. 3. Under the action of gravitation the acceleration of 
k 

a falling body is ^, where k is constant and r the distance 

from the center of the earth. Find the time required for the 
body to fall to the earth from a distance equal to that of the 
moon. 

Let n be the radius of the earth (about 4000 miles), n, the 
distance from the center of the earth to the moon (about 
240,000 miles) and g the acceleration of gravity at the surface 
of the earth (about 32 feet per second). At the surface of 
the earth r — ri and 



The negative sign is used because the acceleration is toward 
the origin (r = 0). Hence k = — grt^ and the general value 
of the acceleration is 

_ 

^ ~ dr ~ r® ’ 

where v is the velocity. The solution of this equation is 

r 

When r i» = 0. Consequently, 



The tune of falling is therefore 

This result is obtained by using the numerical values of ri 
and rs and reducing g to miles per hour. 
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164. Linear Differential Equations with Constant CoeflS.- 
cients. — A differential equation of the form 


where ai, 02 , • * •, a» are constants, is called a linear differen¬ 
tial equation with constant coefl&cients. For practical applica¬ 
tions this is the most important type of differential equation. 
In discussing these equations we shall find it convenient 


to represent the operation ^ by D. 


Then 



dx^ 


= D^, etc. 


Equation (164a) can be written 

(D» + + ... + = /(x). (i64b) 

This signifies that if the operation 

D» + + aaD“-® ^-h (164c) 

is performed on y the result will be f(x). The operation 
consists in differentiating y, n times, n — 1 times, n — 2 
times, etc., multiplying the results by^ 1, oi, a^, etc., and 
adding. 

With the differential equation is associated an algebraic 
equation 

r* + 02^^* + • • ■ + a» = 0 . 


If the roots of this auriliary equation are n, r 2 , • ■ *, the 
polynomial (164c) can be factored in the form 

(D - n) (D - ra) • • • (D - r„). (164d) 


If we operate on y with D — a, we get 
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If we operate on this with D — b, we get 


(23 - « • (D - a)!/ - (J) - 6)(g- 


dx^ 


ia + i)^+ab. 


The same resxilt is obtained by operating on y with 

iD-a)iD-h) =D^-{a-\-b)D + ah. 

Similarly, if we operate in succession with the factors of 
(164d) we get the same result that we should get by operating 
directly with the product (164c). 

166. Equation with Right Hand Member Zero. — To solve 
the equation 

(D« + aiD”-^ + H- ha„)y = 0 (165a) 

factor the S 3 !Tnbolic operator and so reduce the equation to 
the form 

(D — ri) (D — 7 - 2 ) • • • (D — r„) y = 0. 

The value y = is a solution; for 

(D — n) = cirie*"!* — riCie'** = 0 
and the equation can be written 

• • • {D-r„) • (D—ri) y={D—r 2 ) • • • (D~rn) • 0=0. 

Similarly, y — 02 ®^, y = Cse*"**, etc., are solutions. Finally 
y = + 026 ^** + • • • + (165b) 

is a solution; for the result of operating on y is the sum of 
the results of operating on Cie’"’*, etc., each of which 
is zero. 

If the roots n, r 2 , • • •, r« are all different, (165b) contains 
n constants and so is the complete solution of (165a). If, 
however, two roots ri and r 2 are equal. 

= (fii + C2) 



Chap. XX. 


DIFFERENTIAL EQUATIONS 


315 


contains only one arbitrary constant Ci + ca and (165b) con¬ 
tains only n — \ arbitrary constants. In this case, however, 
is also a solution; for 

(D — ri) = TxX(f^ + — Tix&^ — 

and so 

(D — ri)2 rce*"!* = (D — n) = 0. 

If then two roots ri and ra are equal, the part of the solu¬ 
tion corresponding to these roots is 

(ci + 

More generally, if m roots ri, r^, . . . r» are equal, the part 
of the solution corresponding to them is 

(ci + cas 4- 4- • • • + (165c) 

If the coefficients Ui, ua, . . . a„, are real, imaginaiy roots 
occur in pairs 

Ti = a -{• 0 V— 1, = a — /3 “V — 1. 

The terms Cae'’*' are imaginary but they can be replaced 
by two other terms that are real. Using these values of ri 
and ra, we have 

{D - n) (D - r.) = (D - a)2 + /3=. 

By performing the differentiations it can easily be verified 
that 

[(D — a)- + j3®] • e“ sin jSx = 0, 

[(D — a)® 4- ^] • cos /3x = 0. 

Therefore 

e“ [ci sin 4- ca cos ^x] (165d) 

is a solution. This function, in which a and /3 are real, can, 
therefore, be vised as the part of th e solu tion corresponding 
to two imaginary roots r = a =b /3 V— 1. 

To solve the differential eguation 

(jD* 4" 4" • • • 4* <in) V 0, 
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foi ^ 1 } Ti, . . . , Tn be the roots of the auxiliary equaiion 
r” + air"~i + a^^r^ + • • • + o„ — 0. 

If these roots are aR real and different^ the solviion of the 
equation is 

y = ae^ + + * • • + 

If m of the roots ri, r^, . . , , rm are equal, the corresponding 
part of the solution is 

(ci + Cza; + gn*. 

The part of the solviion corresponding to two imaginary roots 
r =* a =h j8 V— 1 is 

e®* [ci sin + ca cos ^z]. 

§-|-2v = 0- 

This is equivalent to 

(X>2_D-2)i/ = 0. 

Tlie roots of the auxiliary equation 

r® — r — 2 = 0 
are — 1 and 2. Hence the solution is 


y = Cier'‘ + Cae®*. 


Ex. 2. 


^ 4 .^— A 
da^'^dz? dz 


+ 3y = 0. 


The roots of the auxiliaiy equation 

r*4-J^-5r + 3 = 0 

are 1,1, — 3. The part of the solution corresponding to the 
two roots equal to 1 is 

(ci + cax) e®. 


Hence 


y = (cj + cax) e» + 
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Example 3. (D* H- 2 Z) + 2)y — 0. 

The roots of the auxiliary equation are 

- 1 ± V^. 

Therefore a:=—1, jS = lm (165d) and 

y — e~*[ci sin a: + C 2 cos a;]. 

166. Equation, with Ri^t Hand Member a Function of x. 
—^Let 2 / = M be the general sohUion, of the equation 

(Z)» + + .. . + a,)y = 0 

and let 2/ = V be any solviion of the equation 

(!>» + aiD^^ + ajy^ + • • • a,)y = /(a;). (166) 

Then y = u + v 

is a solution of (166); for the operation 

D” + aiD*~^ + aijy^ +•••+<** 

when performed on u gives zero and when performed on v 
gives /(a:). Furthermore, u + v contains n arbitrary con¬ 
stants. Hence it is the general solution of (166). 

The part u is called the complementary function, v the 
particular integral. To solve an equation of the form (166), 
first solve the equation with right hand member zero and 
then add to the result any solution of (166). 

A particular integral can often be found by inspection. 
K not, the general form of the integral can usually be deter¬ 
mined by the following rules: 

1. If f{x) = aaf + Uiaf"* + • • • + a#, assume 

y = Asf 4- + * • • + An. 

But, if 0 occurs m times as a root in the auxiliary equation, 
assume 

y — x”‘[Ax^ + + • • • + A*,]. 

2. If f(x) = ce", assume 

y — Ad^. 
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But, if a occurs m times as a root of the auxiliary equation, 
assume 

y = Ax”‘ef^. 

3. If f(x) = a cos jSo: + 6 sin ^x, assume 

y = A cos fix+ B sin fix. 

But, if cos fix and sin fix occur in tjie complementary function, 
assume 

y = x[A cos fix A- B sin fix]. 

4. If f (x) = ae^ cos fix + sin fix, assume 

y = Ae^ cos fix + j8e®“ sin fix. 

But, if cos jSa; and e®® sin fix occur in the complementary 
function, assume 

y = xef“ [A cos fix + J? smjSa;]. 

If / {x) contains terms of different types, take for y the 
sum of the corresponding expressions. Substitute the value 
of y in the differential equation and determine the constants 
so that the equation is satisfied. 

Example 1. ^ + 4?/ = 2x + 3. 

A particular solution is evidently 
y = i (2tc4-3). 

Hence the complete solution is 

y = Cl cos 2 a; + C 2 sin 2 a: + J (2 x + 3). 

Ex. 2. (1)2+ 31)+2)2/ = 2+ c*. 

Substituting y = A + Sc®, we get 

2 A +6 Be® = 2 + e». 

Hence 

2A = 2, 6B=1 

and 

2 / = 1 + i e* + cie^ + cje-*®. 


iy 

da? 



Ex. 3. 
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The roots of the auxiliary equation are 0, 0, — 1. Since 
0 is twice a root, we assume 

y = a? {Au? + Bx + O = Ax^ + Bx^ + Ca?. 
Substituting this value, 

12Aa? + (2iA+QB)x-^6B + 2C = 3?. 
Consequently, 

124 = 1, 244+65 = 0, 65 + 2C = 0, 

whence 

4=tV, C = l. 

The solution is 

y = — ia^ + a^ + Ci + c^ + Cge"*. 


167. Simultaneous Equations. — We consider only linear 
equations with constant coefl&cients containing one independ¬ 
ent variable and as many dependent variables as equations. 
All but one of the dependent variables can be eliminated by 
a process analogous to that used in sohing linear algebraic 
equations. The one remaining dependent variable is the 
solution of a linear equation. Its value can be found and 
the other functions can then be determined by substituting 
this value in the previous equations. 


Example. 






Using I) for ^, these equations can be written 

(Z) + 2) a: — 3 2 / = f, 

{D + 2)y-Zx = ^K 

To eliminate y, multiply the first equation by D + 2 and the 
second by 3. The result is 

(U + 2)2®- 3(D + 2) y = 1 + 2t, 

3(2) +2)y - 9® = 
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Adding, we get 

[(D + 2)2 - 9]re = 1 + + 3e2*. 

The solution of this equation is 

X = —H — + ^ ^2*+ cie* + C2e“®‘. 

Substituting this value in the first equation, we find 


EXERCISES 


Solve the following equations: 


2. 

(« + !)§-(» + 

^>1 

+ a: + 2 = 

0. 


3. 



16. 

d*j/ 

da? 

+ I + V-0.. 

4. 



17. 

d*y 

da? 


6. 

cPs h 

de s*' 


18. 

d^ 

da? 


6. 



19. 

d^ 

da? 

+ y = a: + 3. 

7. 


1- 

20. 

da? 

-4y = e». 

8. 

y^ = l+f^V. 
^ da? ^ \dx) 


21. 

d?y 

da? 


9. 

-0 

da? da: 


22. 

% 

da; 

- ^ = sin 35* 

10. 


0. 

23. 

d*y 

da:® 

-2p- = 2x-Z. 
ax 

IL 


0. 

24. 

d®y 

da? 

+ 6^ + 5y=x + e**. 

12. 



26. 

d®y 

da? 

— a®y = e*®. 

13. 

«py 9d*y cdj/ 
da? da? ^ dx 

= 0. 

26. 

da? 

— ^ + y = cos 2 a:. 

14. 

s- 


27. 

cPy 

da:^ 

—y = a? — a:®. 

16. 


0. 

28. 

da?2 

— 4^ + 3y = ^»^a:. 
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29. 

^ — 9 = 6®® cos a;. 

31. ^ + 4y = co82z. 

30. 



33. 


dx t 

34. 

oil 

^=x-2y + l, 


36. 


■^ + y^oost. 

36. 

dfi ’ 

d^z 

dP^y- 

37. 

Solve the equation 



^+1 

(^yV _ 1 

{dxj 


and determine the constants so that y — 0 and ^ 1 when a; = 0. 

38. Solve ^ ” 3 Vy under the hypothesis that y = 1 and ^ ~ 2 


when a; - 0. 

39. When a body sinks slowly in a liquid, its acceleration and 
velocity approximately satisfy the equation 

a - g — kVf 


g and h being constants. Find the distance passed over as a function 
of the time if the body starts from rest. 

40. The acceleration and velocity of a body falling in the air approxi¬ 
mately satisfy the equation a - g g and k being constants, 

Fmd the distance traversed as a function of the time if the body falls 
from rest. 

41, A weight supported by a spiral spring is lifted a distance 6 and 
let fall. Its acceleration is given by the equation a === — k% k being 
constant and s the displacement from the position of equilibrium. 
Find s in terms of the time t, 

42, Find the velocity with which a meteor strikes the earth, assum¬ 
ing that it starts from rest at an indefinitely great distance and moves 
toward the earth with an acceleration inversely proportional to the 
square of its distance from the center, 

43. A body falling in a hole through the center of the earth would 
have an acceleration toward the center proportional to its distance from 
the center. If the body starts from rest at the surface, find the time 
required to fall through. 
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44* A chain 5 feet long starts with one foot of its length hanging 
over the edge of a smooth table. The acceleration of the chain will be 
proportional to the amount over the edge. Find the time required to 
slide o£P. 

45. A chain hangs over a smooth peg, 8 feet of its length being on 
one side and 10 on the other. Its accderation will be proportional to 
the difference in length of the two sides. Find the time required to 
slide off. 



ANSWERS TO EXERCISES 


Page 7 

1. y = x ± Vx — 1. 7 ^ ^ 

4. fiy, x) = 2 /* — 2 xy. 2 Va 

6. f. 8. 1. 

6. 7. 


Page 13 


1 . 

.0434. 


7. 

(1, -i>. 


2. 

.5000. 


8. 

( 0 , 0 ), (zfcl, - 

1). 



Page 16 



1 . 

48 ft./sec., 96 ft./sec. 


4. 

t = 2. 


2 . 

164. 


5. 

2 gran. 


3, 

3 ^2 4 . 4 







Pages 23, 

24 



1 . 

6 a; - 2 . 


1A 

a® — 2 X* 


2 . 

4 a?(a:2 — 3 x + 3). 


l‘±» 

< 

1 


3, 

x® + 2 X. 

3 + 1) 


15. 

X — "v/a 2 4 x 2 


4, 

Vi * 



aVo® + X® 


5. 

a® + 4 ax — 3 x®. 


16. 

2x 

-- 

A 

6 X 1 



(x® 4 1)^ X^ 

^ * 


2 Vi • 


1*7 

4 ac — 5® 


7. 

(3 X - 1) (9 X - 1). 


±/ . 

2 fox® + 5x 


8. 

x( 3 x — 2) (2x+3)*(36x+41). 

1 Q 

32 x^ - 32 x® 

4- 5 

9. 

2 X 


Xo. 

V2 X® - 1 



(1 - X*)* ■ 



1 


10 . 

8 

(2 X + 3)a • 


19. 

X 

a^Vx® 4- 1 


11 . 

6 X 

(X - 1)** 


20 . 

9 

125* 


12. 

1 - X 


21. 

18. 


Vl + 2x — X® 


22. 

X = 1 , —2, - 

-f* 

13. 

a® 

_ /—-• 


23. 

45“. 



y^s/ci? — a? 
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1 1 + — — — 


Pages 26, 27 

2 . 


a;* (a; + 1)®' 

3. xi5x + ^) (x + 2)\ 4(a; + 2)(5a:2 + 8a: + 2). 
. _a_ _ 

2y’ iy»' 


5. 


X 

y’ 




6 . 

y y* 

1 

7. - 


(a: - 1)*’ (a: - 1)»' 


(x + 1)*' 
1 


“I- 


12 . ^ 


2x — y 
X — 2y 
dH 


, 0 . 


dt ^' 


Pages 32-^4 


1 . v = 15 ^ (X = —32. Rises until t = 2§. Highest point h = 120. 

2 . 8 . 


3. The velocity decreases until i = 2. The speed increases during 
that interval. 

6. w = 200 TT rad./min. The speed of the belt is 400 tt ft./min. 


7. The angular velocity of 
larger. 



10 . 2irrv, 

11. — ftr. 

12. 4inL/hr. 

13. iV3- 


smaller pulley is twice that of the 

14. 2.31 in./sec. 

16. 8| ft./sec., 3J ft./sec. 

18. 17.89 mi./hr, 

19. 7.56 mi./hr. 

20. 110.8 ft./sec. 

21. 11.55 ft. 


Pages 41-44 

1. Minimum value 2. 

2. Maximum at a; ~ —2, minimum at x — 1. 

3. Minima at :r = zfc 1, maximum at a; = 0. 

4. Minimum value 0. 

12. I a\/3. 13. Altitude f a. 

14. The side of the base is twice the depth of the box. 
4 

16. The altitude is-times the diameter of the base. 

TT 

17. Depth 1 inch, side of base 4 inches. 

18. 3.22 cu. ft. 

19. The arc is equal to twice the radius. 

20. Length 24 inches. 
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21. i (ai + a* + a* + 04 ). 24. 8 in. 

22 . 16.97 m. 25. 2.45 in. 

26. Radius of semicircle equals height of rectangle. 

27. Radius of base equals two-thirds of the altitude. 

28. The ratio of length to width is 

30. The width at top is twice the slant height of the bank. 

31. 418.8 sq.ft. 


32. 3690 cu. ft. 

33. Altitude 4 a. 

34. Its distance from the more intense .source is ■'^2 times its dis¬ 

tance from the other. 

35. At the end of four hours. 

37. 

15.53. 

36. He should walk 4.43 miles 

38. 

20 ft. 

41. Speed through the water 7.5 miles per hour. 

42. 13.6 knots. 

Page 47 


1. Max., a; = 0; min., a: = f. 

3. 

(“1,0). 

2. (-1,0). 

4. 

The side of the square is zero. 

Pages 62-64 


1. 12 cos 3 X. 

15 

cos i X 

2. —sin 1 X, 

(1 — sin 2 ' 

3. 2 sin i a; cos \ x. 

16. 

2 sec X (sec ® + tan x)K 

4. — cos^ a; sin®. 

18. 

A = -3 

5. sin^®. 

19. 


6. 5 cos^ 5 X. 

20. 

45®. 

7. 0. 

21. 

5. 

8. sin® ^. 

22. 

velocity = — afr. 

3 


acceleration = 0. 

9. 2 sec^ (2 ®). 

24. 

80 

10. tan®®sec®. 

TT mi./mm. 

11. —cot®®. 

25. 

0.2182. 

3 sec®® (tan® — 1) 

26. 

5.034 sq. ft./sec. 

2 • 

28. 

90°. 

13. ® sin® ®. 

29. 

46.87. 

14. —sin® ®. 



30. The needle will be inclined 

to the horizontal at an angle of 

approximately 32® 30'. 

31. 120®. 

34. 

7.79 in. 

32. 120®. 

35. 

28.28 ft. 

33. 

TT 
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Pages 56, 57 


. 3 

12 . 

16 

Ve® — 9 ®® 

(X 2 + 4)2 ‘ 

1 . 

13. 

cos~^ (2 re) 

V 2 a® — ®® * 

14. 

f 

siix—^ rc. 

V®* — 4 

-5- 9a^! -44 

, . .. 2 _ 

15* 

® 

2 a* 

®® -4 1 ■ 

16. 

5 1 


1 

> 

n 

(4 ® 4- 1) 

17. 

4 

1 

3 cos ® -4 5 

'v/2 + 2® — 4®* 

18. 

1 

7 ® 

6+3 cos ® ■ 

®* -t-n®’ 

19. 

1 

00 

1 

aa? + b® + c ’ 

9. Va® — 

20 . 

0 . 

10. 4 /® “ ® . 

V o 4- ® 

23. 

12 ft. 

24. 

V Vx2 — a2 

— a® 

XX* ' • 

ax 


1 . 


2 . 


6® 4-5 

3®®-4 6x4-1’ 
2 

® - 2 ’ 


3. sec ® CSC ®. 

4. In®. 


5. 

6 . 


2 

®* - I’ 

0.8686 (® - 1 ) 

®* — 2 ® 


7. sec®. 

1 

V®* — o* ■ 

^ cosmic 
y* • - 

sin® 


Pages 61, 62 


10 . - , „ 

2 Va:* -4 5 ® 4- 6 

11. CSC 3 ®. 

12. § (e* — e-*). 

13. 2 ® 4- 2* In 2. 

14. e®«—^ + e*. 

15. ®»»—(n 4- JC In n). 

16. es™ * cos ®. 


17. —9 ®e—®*. 

18. ®e2*. 

19. __. 

(e* 4- e~*)® ’ 


20 . 

21 . 

22 . 


®*e®. 

e* sin 2 ®. 
1 

e* + 4* 
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23. sec-^a:. 

24. tan-* § x. 

25 ^ 

a:(x* - 4)*' 

26. tan*®. 

2 ^ cos* ax 
sinoa: ‘ 


28. -V—■ 

a;ln oa; 

29. sin (In x). 

30. (a:*+ 1)1. 

31. 1.1752. 

32. a: = J X + nr, where n is 

any integer. 

33. 0.3679. 


Pages 71, 72 


5. ( 641)Aa:, (.0604)Aa:. 

6. ( 0016)Ae, (.000025)Aff. 


7. (.035) 


y 

180’ 


8. (.00036)Aa:. 


9. dy = -.01234, ^v = -.01245, Ay - dy = -(.0O6)AB. 


Page 77 


1 . 

2 . 

3. 

4. 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


tan* d dB. 
Va:* — a* 


dx. 


5. 


6 . 


ydx+xdy 

xy 

xdy — y dx 
3?+t ■ 


(2® + y) rfa: + (x — 2 y) dy. 
xdx + y dy 
Va? +y* ' 

(x + y + l)e*-y dx — (ar + y — l)^*-^ dy. 
(dx + dy). 


dy 


d^ 


— = --cot t / 

dx * dx2 

^ ^_ 8 

dx ’ di^ ' 

^ _ _b ^ 

dx ^ a ’ dx® 

_ d^y 

dx ~ """ d^ 

drc ” ^ dx® 

^ — cos ^ + sin ^ d®y _ 

dx ” cos i — sin i ’ dx® ~ (cos ^ — sin 0^ * 
d®2/ _ 2 d®x _ 2 

dx®”(l + «)3’ d2/® ” (1 -0^’ 


0 . 

a ax* 

^ = cscfl, -cot* A 

^ = — (esc e — cot e)*, ^ = 2 (esc 0 — cot e)*. 

2e-< 


• ^ dr , 

J sin 0 COS d 

^_ do 

dx dr . ' 

cos 0 ^ — r sin ^ 


17 ^ = - 
dx* 


_1_ d*x 

dy*' 


/dxV 

\dy/ 
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Pages 80, 81 

1. Tangent line 2y — x-\-5 — Q, normal y ■\-2x — 0. 

2. Tangent line x + y — 4 = 0, normal x — y = 0. 

3. Tangent line x + 2y-i-a = 0, normal 2a: — y — 3o™0. 

4. Tangent line y = o(l + a: In 6), normal x = a In b(a — y). 


5. Tangent line x + y = normal x — y = 

6. Tangent line ^ ^ = 1» 


normal h^xi^y — yi) — a^i(x — Xi) = 0. 

7. Tangent line y — x — 2, normal x + y —2. 

8. Tangent line 3 ^ + 2 x = 1, normal 2 y — 3 x = 5. 


= I ~ cos «^1 
siu^i 
10. tan-^i,90“. 


9. y = 


11. 45“. 

12. 45“. 


(cufll — x). 


13. tan-i(2V2). 

14. 0°. 

16. tan-‘ i, tan-^ 3. 


Pages 84, 85 

1. Point of inflection (0, 2). Concave upward on the right of this 
point, downward on the left. 

2. Point of inflection (1, —4). Concave upward on the right of 
this point, downward on the left. 

3. Concave upward for all values of x. No point of inflection. 

4. Point of inflection (1, 0). Concave upward on the left of this 
point, downward on the right. 

5. Point of inflection ^2, Concave upward on the ri^t of 

this point, downward on the left._ 

6. Points of inflection fif V2, e“i). Concave downward between 
these points, upward outside. 

7. Concave upward when —3 < x < 0 or x > 3, concave downward 
when X < —3 or 0 < X < 3. Points of inflection (0,0), (—3, — 1), (3,1). 

8. Concave downward for all values of x. No point of inflection. 


1. VTS. 

4. 2V2. 

6 . Sy/2. 
6 . 1 . 

7. iay/2. 


Pages 91, 92 


8. p = i: 


+ 1 )® 


y 


9. p = sec X. 

f _* 

10. p = I (e® + e “)*. 

11. p = 4 a sin i 
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1. 45"’. 

2. 45“. 

3. 60“ 

4. 135“. 


Pages 94, 96 


7. 60“. 

8. (0,0), (fo,d=|x). 
10. fV3. 


Pages 102-104 


dix diu 

1, The components of velocity are jT = 3, = 4, and the speed is 



2. « e<(cos i — sin <), 

d'u 

= e*(8m t + cos t), 


4. ^ ^ = =fiv V5,1 = a. 


7. The acceleration is toward the center and of magnitude —, where 
V is the speed. 

10. The acceleration is parallel to the x-axis and of magnitude ^ . 

Jt CL 

11. Its velocity is zero and its acceleration of magmtude a&j® parallel 
to the ^-axis. 

13. The component of velocity is — 2 oo? sm and the component 
of acceleration —4 cos 6, 


Page 110 


1 . i7^-ix^+x^ + x + C. 

2. i aJ® + — + C, 

3. |xi + 2xi+C. 

'^(2® -3) +C. 


4. 


3 


6. i(2®-l)» + C. 


7. 2y + Shiy + C. 

8. y — i + 21ny + C. 

y 

9. In (® + 1) + C. 

11. 'V^2 ® -f-1 C, 

12. iln(j? +2) +C. 



330 


ANSWERS TO EXERCISES 


13. 

14. 

15. 

16. 

17. 

18. 
19. 


25. 


- 1 +C. 
1 


+ C. 


20. -^ln(l-a<»)+C. 


23. iln(2a:s+l)- 


4 (a* + iC®)* 

-I (o* - a:*)* + C. 

I In (o* + a:*) + C. 

1 (X* - l)i + C. 

In (a? + ® + 1) + C. 

2 Vx2 + ox + 6 + C. 

(®* + a)-1- (7, if »is not equal to 0 or 1, 


21. _J (a* - i®)! + C. 

22. X + 3 In (x - 2) + 0. 
1 


24. i 




4(2x2+l) 
+ C. 


+ C. 


26. 


n{l — n) 


Pages 116, 117 

1. 30 1 i fl'f®. 

2. ^ = 60 + 100 1 — igP, maximum height approximately 215 ft. 

3. 138. 6. y = X — ^a^ — §. 

4. i otP. 7. 2/ = 5 X® — IX® + f X + 

_ ^ 8. X® = y. 

'2k' 9. y® = 4X. 

10. N = Noe^, where No is the number at the start. 

12. 17.1 min. 


Page 122 


1 . 


3. 

4. 

5. 

6 . 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 

22 . 

23. 


f sin 3 X — J cos 2 X + C. 
lcos(^-:^) + c. 


7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 


3 tan ^ 5 "I” C. 

—2 CSC § fl + C. 

J sin® Q C. 
tanx + C. 

X + tan X + 2 In (sec x + tan x) + C. 
—2 sin X + In (esc x — cot x) + C. 
i sin* X + C. 

J tan® X + C. 

I sec® X + C. 

—i cos*x + C. 

—J In (1 + 2 cot x) + C. 
sin-^l X + C. 


—§ cot2x + C. 

— CSC X + C. 

I sec® X + C. 

In (1 + sin x) + C. 

CSC X — cot X + C. 

—i cos (x® + 1) + (7. 

§ [tan 2 X + sec 2 x] + C. 


24. 


25. 

26. 


27. 


+ C. 


1 , X V2 

V3 

-^tan-i^ + C. 

2 V 3 V 3 


V3 


va 


iln(3«+ V9<® + 1) +C. 
f sec-i-|p 


+ C. 


28. 3sin-®|-2V4^ + C. 

A 
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29. Vx* + 4 + In fx + + 4) + (7. 

36. + 


30. ln(sin x + Vl + sin* x) + C. 

31. Vl + sm® X + (7. 

32. fain x) + C. 

33. 2 Vl — cos 0 + C. 

34. In (1 + In x) + C. 

35. Isin-i^ + C. 


37. -2®+ <?. 

38. find +e**) + (7. 

39. taja-»(e*) + C, 

40. — sin-' (e-f) + C. 


Page 124 


1. + 


2. I sin-i — . , - - + C. 


3. ^In j^fx + DVa + V3x* + 6®+ 2 J + C. 


4 . 1 

V3 V5 

5. ^ sec-‘ ■ + C. 


C. 


6. sec-» (2 X - 1) + (7. 

7. |lii(4x*-4x + 2)-i tan-K2x - 1) + C. 

8. I VSx* - 6x - 1 +:^ln l^fx - 1)^^ + V3x= - 6x - il+c. 

9. Jin (x* + 2x + 2) - tan-i(x + 1) + C 

10. iln^2x + 1+ V4x* +4x ^ 

3 


I - 


4 V2 


J 


- 2x “h 1 j 

-= sec—^-:=-h C. 


V2 


11 . -- 


+ C. 


Vx* — 2 X + 3 


Pages 129, 130 

1. i cos® X — cos X + C. 

2. i sin^ X — § sin® x + sin x + C. 

3. I sin® X — I sin® x + C. 

4. ^ sin^ 3 ^ sin® 3 ^ + C. 

5. cos 5 — I cos® 0 + C, 

6. —cos X — § cos* X + C. 

7. cos X + ln(csc x — cot x) + C. 

8. In sin X — i sin® x + <7. 

9. tan X + i tan® x + (7. 
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10 . —(cot y + I cot* 2 / + I cot® y) + C. 

11 . tan X — x-\- C. 

12 . f sec® I a; + (7. 

13. ^ sec^ » — f sec® a; + i sec® z + C. 

14. —I cot® a; — In sin a: + C. 

15. —I cot® z — I cot® x + C. 

16. ]n(csc 2 ar — cot 2 a:) + C. 

17. —i cos a: — f cos 3 a: + C. 

18. i cos 2 a: — i cos 4 a; + C. 

19. Isina: — ^sinSa; + (7. 

20 . i sin 2 a; + tV sin 6 a; + C. 

21. i a: — i sin 4 a; + C. 

22 . i a: -f- ^ sin 8 a; -J- C7. 

23. ^a; — ^sin® 2a; — ^sin4a; + C. 

24. ^ a: 4- s** sin® a: — ^ sin 2 a: + C7. 

25. ^a; — Jsin2a; + :^sin®2a; + ^sin4a: + (7. 

26. —cot § a: + <7. 

27. tan z — sec x + C 

28. 2 v' 2 sin| + C'. 

29. i (®® - a®)i + C. 

30. I Vx» - o* - ^In(a: + Vs* - o*) + C. 

31. Vk (3 a;® - 2 a®) (a:* + o®)i + C. 

32. I Va:i* + o* +• ^ ln(a: + Va;* 4 - a®) + C. 

33. I Vx® 4 - a* - ^ln(ap 4- Va?s 4 - a®) + C. 


34. - 


a® Vx® — a* 


4-C. 


1, a — Va® — a? , - 
35. -m-[- C. 

a X 


36. 


Va® — ai® 


Page 136 


1 . 


2 . 


4. 

6 . 


ia?4-4»-2ln(i-l)4-121n(»-2) + C. 


In 


3. In 




X +1 ' X 

X — Inx4-fln(x — 2) —§ln(x + 2)4-C. 
1 . ,. (® - D* ^ « 1 


4" C7. 


af 4’~ 4" in 


6 . 


^ + In (X + 1) 4- C. 


X 
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2 (1 - 


+ iln^-±4 + C. 


a; - 1 


8- 


10. In 


fx - 1)» 

X* + 2 X + 1 


+ C. 


9. In 


Vl2 + 1 


+ tan-* X +C. 


11. iln- 


12. X 4- In 


x + 1 


X* + 2 X + 2 


X* 4~ 2 

- 2 tan-* (x + 1) + C. 


+ C. 


14. ~[x “1“ 4 4 In fl — ^x)I -j- C. 

15. f Cx - 2) + e. 

16. ^ f3 X + 2 a) (x - a)i + C. 

17. 2 Vx + 2 - 2 tan-* Vx + 2 + C. 

18. f xl — 4 xi + 4 tan-‘(xi) + C. 


Pages 138, 139 

1. X sin X + cos X + C. 3. J x* In x — } x* + C. 

2. (x — l)e* + C. 4. X sin—* x + Vi — i» -1- C. 

5. X tan-* X — ^ In (1 + ®*) + C. 

6. X In (x + Va’ + x °) — V g^ + x* + C. 

7. i xi* sec-* X — i Vx* — 1 + C. 

8. -(x* + 3X* + 6X + 6)e-» + C. 

9. 2 (x — 1) sin X + (1 + 2 X — X*) cos x + C. 

10. I Vx* - a* - ^In (x + Vx* - a*) + C. 

11. I Vffl* +x* + ^In (x + Vo* + a:*) + C. 

12. (2 sin 3 a: — 3 cos 3 x) + (7. 

13. § (sin a; + cos x) + C. 

14. i [3 sin 2 a; sin 3 a; + 2 cos 2 a; cos 3 x\ + C. 

16. i sec a: tan a; + i In (sec x + tan x) + C. 

16. i x(5 — 2 a; 2 )Va 2 — + I sin-^ ^ 

Pages 160, 151 
14. 1. 

16. 4. 

16. i. 

17. 2 tan-12. 

18. f. 


20. iV2. 


1. 4.05. 

2. 2.829. 

3. 0.1121. 

4. Exact area i. 
10 . |. 

11. 0.6931. 

12 . |. 

13. |. 
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Pages 166, 166 


1. 2. 

10. -%t. 

2. 4.5. 

11. irab. 

3. f 

12. 2 TT + 1-, 6 jr — f. 

4. 32. 

13. 4x. 

6. 4.5. 

14. 2ff. 

6. 20S. 

15. a® [2 V3 - In (2 + v^J 

7. 

16. 3 irO®. 

8. 5.4. 

17. §a»^. 

9. 1.955. 

Pages 168, 169 

1. TO*. 

8. 16a-®a®. 

2. ira*. 

11. 1 o®(t - 2). 

3. |aV3. 

12. 1 o®(x - 2). 

4. J a®. 

13. J xa®. 

5. |t. 

14. |a®(9v^-2x). 

6. f ira®. 

16. ia®. 

7. fo*. 

Pages 162, 163 

3. IT. 

8. 9 X. 

4. W’TO®. 

9. ix®. 

6. ^TraK 

10. f xo5®. 

6. ^sro®. 

11. 5x®a«. 

7. fx(o»-5®)l. 

12. |xa«. 


Pages 166, 167 

2. |a». 

3. a®A. 

4. 

8. i xa* sin 2 a. 

16a» 

3sma' 

6. I o* tan a. 

10. fa®A. 

6. |(3ir-2)o*A. 

7. 1 a® sin 2 a. 

11. J *x*0®. 


1. 9.073. 

2. 54.56. 

3. ln(2 + V3). 

4. 1.096. 

5. 6 a. 

6. a(e-;). 

7. 8 a. 


Pages 173, 174 

8. 2 7r®a. 

11. 21.26*. 

12. 2ira. 

13. iaV3. 

16. 2 a [VS + In (1 + V2)]. 

16. 8 a. 

17. f- ira. 
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Pages 176, 177 


1. 4 xdf. 

2. ToVa* + h\ 






31 


4. J^xV3. 


6. Jy^xa*. 


8. 2 xa 




&* 


■In 


7. -J^xa*. 

a + Vo* — 


I. xof" Vo* + 2 &* -1 - T .: In ^ 

L Va^ + 6 * V 


0 


^+ 6® - f Vo* + 2 6* ^ J 

10- Vo*. ' 11. I *. (e*- _ 2). 

12. 8xa*(l-JV2). 


Pages 179, 180 


1 I x[a* - (o*-{>*)»]. 

2. #xa*(2V2-l). 

3. f xa*(l — cos a). 

4. |x*a*. 

5. 8o. 

6. 3 xo*. 


7. 2 a* 

8. 16 a* 

9. 8 a*. 

10. xo*-\/2. 

11 . 

12. xa* sin a. 


1. 20,000 lbs. 

2. 15,000 lbs. 

3. ^ ro6A*. 

4. g wbh^. 

6. 2830 lbs. 

6. f im6*. 


Pages 182, 183 

7. I whh?. 

8. 13,100 tons. 

9. 22,089 lbs. 

10. leOO lbs. 

12. iv'3M)o*6. 


Pages 194-196 


1. 3. 281,000 ton-ft. 

2. ^5u)A*, 4. (I,-y-)- 

5. On the line joining the centers, 4 inches from the center of the 
larger cube. 

6. On the radius perpendicular to the diameter of the semicircle 
at distance — from the center. 

X 


7. (3.088,0). 8. iA. 

4 a 

9. At distance ^ from each of the bounding radii 
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10 . 

11 . 


i o, 0). 
( 0 , 1 ). 


12 . 

- {o-B 


14. The distances from the outer edges to the center of gravity are 
2f and 9^g- inches respectively. 


15. On the axis of ssmametry at distance 


4 (b^ - a3) 
3 - a2) 


from the center. 


16. On the bisector at distance ^ ^ ^ from the center. 

o a 

17. (ttc, |a). 18. (xa, fa). 

19. On the axis at distance f a from the center. 

20. On the axis at distance one-fourth the altitude from the base. 

21. On the axis at distance f h from the base. 

22. (fa,0). 23. (0, f a^S). 

24. On the axis of the cone at distance f a from the base. 

25. On the axis at distance | j^griT^ J center. 

26. On the axis at distance f a from the center. 

27. On the axis at distance J h from the base. 

28. t a. 29. f a tan a. 


Pages 197-199 


1. 

Jo6». 

12. 

i Me?. 

2. 

ibh». 

13. 

1 M(x? +1-2*). 

3. 

bh^. 

14. 


4. 

39.01. 

15. 

¥’rO». 

5. 

f a<. 

16. 

%Md?. 

6. 

\Ma\ 

17. 

^2r^a*6(3a* + 46s). 

7. 

kMP. 

18. 

iJIfa*. 

8. 

iMa\ 

19. 

lAfffl*. 

9. 

2®' 

20. 

21. 

i AT a*«*. 
i ikfa®ci)*. 

11. 

i TO&Ca* + V). 





Pages 201-203 

■f 


5. 

25,100 ft.-lbs. 

X. 

^ a 

6. 

-6*). 

2. 

282 ft.-lbs. 

7. 

211,000,000 ft.-lbs. 

3. 

463 ft.-lbs. 

8. 

106,000,000 ft.-lbs. 

9. 

1 TTjuaTT, where a i 

[s the radius of the shaft. 

10. 

h , 5 

2 a 

11. 

k(b - a) 

4 xa6 
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1. i •KO. 

2 . ?. 

X 


Pages 208-210 

3. igt. 

4. Igt. 

5. 37.6 lbs./sq. in. 


6. § jBA®. Equivalent direct current amperes. 

V2 


8 i 
8 . 


12 . ‘i-Tra\ 

14. 3 ira®(l — cos a). 

15. i TaH5 r + 16). 


10. 2 

11. 1.94 cu. in. 

16. Its distance from the center of the sphere is -g a(l + cos a). 


21 . (- 2 , 1 , 0 ). 


Page 216 

22. (1,1,2). 


Pages 221, 222 

1. Increment 23, principal part 22 

2. Increment —0.379, pnncipal part —0 385. 

3. Increment 55.64, pnncipal part 54.00. 

4. 0.343. 6. 3Sc. 

5. 1%. 7. 0.7%. 

8. (2 X + y) dx + (x — 2 y) dy. 

9. sin (x + y)(ydx + x dy) + xy cos (x + y) (dx -j- dy). 
10. 2/^3* dx +2 xyz^ dy -\-Z xy^^ dz. 


Pages 229, 230 


1 ^ + ^ 

dx^dy^^dz' 




. /^\ /^\ ^ (Q_U\ 

\dx)y dx ’ \dxjr dx~^ dy' \ax/g dx~‘ ^* 


^ dz dy dx 
dx~^.^‘ 
dz 
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Pages 239, 240 


5. tan-^ 


1 _ g - 2 _ g - .1 

9 g - y - 1 _ X 

2*4- 
3. a — 1 = 1 — 2 ^ = 2 . 

6. Normal a — 1 = —= — 2 ~ > 

tangent plane a+ 22 / + 22 = 9. 

7. Normal a — 3j/ = 6, 2 = 1, 

tangent plane 3a + y — 8 = 0. 

8. Normal ^ ~ - = ^ ~ ^ = ^-y^> 

tangent plane 3a4-42/ — 62 = 0. 

9. Normal = — g ^ 


4. tan-i?. 
k 


vl' 


tangent plane a+3y — 2 — 5 = 0. 

10. y = 2 , a + y = ±2. 

11. The box shoiild have a square base with side equal twice the 
depth. 

12. a = § (ai + a 2 + xz), y = J (yi + 2/2 + yal. 

13. (0,0, ±1). 

14. The altitude of the cone is twice the altitude of the cylinder. 

15. The points P, Q, E, S lie in a horizontal plane, PQ, QR make 
equal an^es wdth the mirror at Q, and QR, RS make equal angles with 
the mirror at R. 


1. 6i. 

2. i- 

3. iln2. 

4. i xo*. 


6. i xo*. 

7. t- 

8. J^a*. 

9. X. 

10. f 


Pages 246, 247 

11. 2x. 

12 . *. 

13. |o*. 

14. 4. 

15. fJIfa*. 

16. Jxo». 

17. (I.i). 

18. (^o, -2o). 

19. (f,l, i). 

20. ^xa*. 
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!• I TTtt^. 

2, I TtraK 

3, J X. 

4, I 7ra\ 


Pages 261) 262 

S- (a + § Aa)Aa Aa. 


6 . |± 


7. i a*(a — sin a cos «). 


8. On the bisector at distancefrom the center. 


9. ^ «i«. 

10. t ira^(8 - 3 V3). 

11. ^ MaK 

12. fJlfo*. 


13. I Mo*. 

14. #5rtts. 

15. V-o*- 

16. f a-O®. 


Pages 256, 266 

1. 3V14. 6. 8o*. 

2. 16 IT. 7. f X (3 'v/S “ 1) o*. 

3. Two ^as, each equal to xo* V^. 8. 2 x VS. 

4. ao*V3. 9. xV15 

6. 4. 10. 8 xo* (2 - V3). 


Page 261 


1. i 

2. jiff. 

4. 3^. 


6. Vo*A. 

7. f xo*. 


9. Ha‘. 

10. (fa, 16,1 c). 

11. (0,0, I c). 

12. A’Tobc (o* + 6*). 


Pages 267, 268 

1 . 

2. Two regions each of volume J xo® (2 — V2). 

3. -Vo®. 6. *M(a» + 4A*). 

4. X. 7. JMo*. 

5. ^ xo®. 

8. On the axis fotur-fifths of the distance from the vertex to the base. 

9. On the axis at distance | a(l + cos a) from the vertex. 

10. At distance ^ o from the center. 

11. ^xo®. 14. 1045.4. 

12. ^xo®. 15. 627.8 

13. Axp(65-c®). 16. 4128.5. 
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17. On the radius perpendicular to the plane face of the hemisphere 

at distance 11;—^from the center. 

85® — o® 

18. M(5® + fo*). 

Pages 276, 276 

13. 0.9397. 16. 0.6878. 

14. 0.1763. 17. 1.6487. 

16. 1.0515. 18. .1823. 
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r = c sin 

r = a sec (^ + c). 
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42. 2/ = 6^. 
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44. A straiglit Une. 
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47. 99.9964. 
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31. y = Cl cos 2 X 4- 4- i x) sin 2 X. 


27. 
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[ci 


COS- 


:V 3 


^ (2 an 2 X 4- 3 cos 
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32. y — c™* (ci + cax + i x*) + J e* 

33. a; — Cl cos i + ca sin i + § (e^ — c-^), 

y ^ Cl cos i — Cl sin i + i (c* — c-*)* 
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37. y^x, 

38. 2 y* = a: + 2. 
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■§^(- 
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+ g' 


1 ). 




41. s = 6 oos (ifei). 

42. About 7 miles per second. 

43. About 42} minutes- 


44. t = In (5 + V^, 

45. « = -|= In (9 + 4 Vs). 
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NATURAL LOGARITHMS 


o-m 


N 

M 

B 

2 

3 

B 

B 

6 

B 

S 

H 

m 

B 

0 0000 

0 6931 

1 0986 

1 3863 

1 6094 

1 7918 

1 9459 



1 

2 3026 

2 3979 

2 4849 

2 5649 

2 6391 

2 7081 

2 7726 

2 8332 

2 8904 

2 9444 

2 

99S7 

3 0445 

3 0910 

3 1355 

3 1781 

3 2189 

3 2581 

3 2958 

3 3322 

3 3673 

3 

3 4012 

4340 

4657 

4965 

5264 

5553 

5835 

6109 

6376 

6636 

4 

6889 

7136 

7377 

7612 

7842 

8067 

8286 

8501 

8712 

8918 

5 

9120 

9318 

9512 


9890 


4 0254 

4 0431 

4 0604 

4 0776 

6 

4 0943 

4 1109 

4 1271 

4 1431 

4 1589 

1744 

1897 

2047 

2195 

2341 

7 

2485 

2627 

2767 


3041 

3175 

3307 

3438 

3567 

3694 

8 

3820 

3944 

4067 

4188 

4308 

4427 

4543 

4659 

4773 

4886 

9 

4998 

5109 

5218 

5326 

5433 

5539 

5643 

5747 

5850 

5951 

10 

6052 

6151 

6250 

6347 

6444 

6540 

6634 

6728 

6821 

6913 

n 

7005 

7095 

7185 

7274 

7362 

7449 

7536 

7622 

7707 

7791 

12 

7875 

7958 

■Mil 

8122 

8203 

8283 

8363 

8442 

8520 

8598 

13 

8675 

8752 

8828 

8903 

8978 

9053 

9127 

9200 

9273 

9345 

14 

9416 

9488 

9558 

9628 

9698 

9767 

9836 

9904 

9972 

5 0039 

15 

5.0106 

5 0173 

5 0239 

5 0304 

5 0370 

5.0434 

5 0499 

5 0562 

5 0626 

0689 

Id 

0752 

0814 

0876 

0938 

0999 

1059 

1120 

1180 

1240 

1299 

17 

1358 

1417 

1475 

1533 

1591 

1648 

1705 

1761 

1818 

1874 

18 

1930 

1985 

■Mil 

2095 

2149 

2204 

2257 

2311 

2364 

2417 

19 

2470 

2523 

2575 

2627 

2679 

2730 

2781 

2832 

2883 

2933 

20 

2983 

3033 

3083 

3132 

3181 

3230 

3279 

3327 

3375 

3423 

21 


3519 

3566 

3613 

3660 

3706 

3753 

3799 

3845 

3891 

22 


3082 

4027 

4072 

4116 

4161 

4205 

4250 

4293 

4337 

23 

4381 

4424 

4467 

4510 

4553 

4596 

4638 

4681 

4723 

4765 

24 

4806 

484S 

4889 

4931 

4972 

5013 

5053 

5094 

5134 

5176 

25 

5215 

5255 

5294 

5334 

5373 

5413 

5452 

5491 

5530 

5568 

26 

5607 

5645 

5683 

5722 

5759 

5797 

5835 

5872 

6910 

5947 

27 

5084 

6021 


6095 

6131 

6168 

6204 

6240 

6276 

6312 

23 

6348 

6384 

6419 

6454 

6490 

6525 

6560 

6595 

6630 

6664 

29 

6699 

6733 

6768 

6802 

6836 

6870 

6904 

6937 

6971 

7004 

30 

7038 

7071 

7104 

7137 

7170 

7203 

7236 

7268 

7301 

7333 

31 

7366 

7398 


7462 

7494 

7526 

7557 

7589 

7621 

7652 

32 

7683 

7714 

7746 

7777 

7807 

7838 

7869 

7900 

7930 

7961 

33 

7991 

8021 

8051 

8081 

8111 

8141 

8171 

8201 

8230 

8260 

34 

8289 

8319 

8348 

8377 

8406 

8435 

8464 

8493 

8522 

8551 

35 

8579 

8608 

8636 

8665 

8693 

8721 

8749 

8777 

8805 

8833 

36 

8861 

8889 

8916 

8944 

8972 

8999 

9026 

9054 

9081 

9108 

37 

9135 

9162 

9189 

9216 

9243 

9269 

9296 

9322 

9349 

9375 

38 

9402 

9428 

9454 

9480 

9506 

9532 

9558 

9584 

9610 

9636 

39 

9661 

9687 

9713 

9738 

9764 

9789 

9814 

9839 

6865 

9890 

40 

9915 

9940 

9965 

9989 

6 0014 

6.0039 

6 0064 

6 0088 

6 0113 

6 0137 

41 

6 0162 

il!W?!| 

6 0210 

6 0234 

0259 

HSI 

0307 

0331 


mm 

42 



0450 

0474 

0497 

■mI 

0544 

0568 

BmI 


43 



0684 

0707 

0730 

0753 

0776 

0799 

0822 


44 



0913 

0936 

0958 

OSSl 

1003 

1026 

1048 


45 


1115 

1137 

1159 

1181 

1203 

1225 

1247 

1269 

1291 

46 

1312 

1334 

1356 

1377 

1399 

1420 

1442 

1463 

1485 


47 

1527 

1549 

1570 

1591 

1612 

1633 

1654 

1675 

1696 

1717 

48 

1738 

1759 

1779 

1800 

1821 

1841 

1862 

1883 

1903 

1924 

49 

1944 

1964 

1985 

2005 

2025 

2046 

2066 

2086 

2106 

2126 

50 

2146 

2166 

2186 

2206 

2226 

2246 

2265 

2285 

2305 

2324 

N 

■I 

m 


3 

B 

n 

6 

7 

8 

9 
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SOO-1009 


N 

n 

n 

2 

3 

a 

B 

6 

B 

s 

9 

50 

6 2146 

6 2166 

6 2186 

6 2206 

6 2226 

6 2246 

6 2265 

6 2285 


6 2324 

51 

2344 

2364 

2383 

2403 

2422 

2442 

2461 

2480 

2500 

2519 

52 

2538 

2558 

2577 

2596 

2615 

2634 

2653 

2672 


2710 

53 

2729 

2748 

2766 

2785 

2804 

2823 

2841 

2860 


2897 

54 

2916 

2934 

2953 

2971 

2989 

3008 

3026 

3044 

3063 

mmm 

55 

3099 

3117 

3135 

3154 

3172 

3190 

3208 

3220 

3244 

3261 

56 

3279 

3297 

3315 

3333 


3368 

3386 

3404 

3421 

3439 

57 

3456 

3474 

3491 

3509 

3526 

3544 

3561 

3578 

3596 

3613 

58 

3630 

3648 

3665 

3682 

3699 

3716 

3733 

3750 

3767 

3784 

59 

3801 

3818 

3835 

3852 

3869 

3886 

39(0 

3919 

3936 

3953 

60 

3969 

3986 

4003 

4019 

4036 

4052 

4069 

4085 

4102 

4118 

61 

4135 

4151 

4167 

4184 

4200 

4216 

4232 

4249 

4265 

4281 

62 

4297 

4313 

4329 

4345 

4352 

4378 

4394 

mmm 

4425 

4441 

63 

4457 

4473 

4489 

4505 

4520 

4536 

4552 

4568 

4583 

4599 

64 

4615 

4630 

4646 

4661 

4677 

4693 

4708 

4723 

4739 

4754 

65 

4770 

4785 

4800 

4816 

4831 

4846 

4862 

4877 

4892 


66 

4922 

4938 

4953 

4968 

4983 

4998 

5013 


5043 


67 

5073 

5088 

5103 

5117 

5132 

5147 

5162 

5177 

5191 

5206 

68 

5221 

5236 

5250 

5265 

5280 

5294 

5309 

5323 

5338 

5352 

69 

5367 

5381 

5396 

5410 

5425 

5439 


5468 

5482 

5497 

70 

5511 

5525 

5539 

5554 

5568 

5582 

5596 

5610 

5624 

5639 

71 

5653 

5667 

5681 

5695 

5709 

5723 

5737 

5751 

5765 

Elm 

72 

5793 

5806 

5820 

5834 

5848 

5862 

5876 

5889 

5903 

K 9 

73 

5930 

5944 

5958 

5971 

5985 

5999 

6012 


6039 

6053 

74 

6067 

6080 

6093 

6107 

6120 

6134 

6147 

6161 

6174 

Br ^m 

75 

6201 

6214 

6227 

6241 

6254 

6267 

6280 

6294 

6307 

BOl ikfl 

76 

6333 

6346 

6359 

6373 

6386 

6399 

6412 

6425 

6438 


77 

6464 

6477 

6490 

6503 

6516 

6539 

6542 

6554 

6567 

6580 

78 

6593 

6606 

6619 

6631 

6044 

6657 

6670 

6682 

6695 

6708 

79 

6720 

6733 

6746 

675S 

6771 

6783 

6796 

6809 

6821 

6834 

80 

6S46 

6859 

6871 

6884 

6896 

6908 

6921 

6933 

6946 

6958 

81 

6970 

6983 

6995 

7007 

7020 

7032 

7044 


7069 

7081 

82 

7093 

7105 

7117 

7130 

7142 

7154 

7166 

7178 

7190 

7202 

83 

7214 

7226 

7238 

7250 

7262 

7274 

7286 

7298 

7310 

7322 

84 

7334 

7346 

7358 

7370 

7382 

7393 

7405 

7417 

7429 

7441 

85 

7452 

7464 

7476 

7488 

7499 

7511 

7523 

7534 

i 7546 

7558 

86 

7569 

7581 

1 7593 


7616 

mmm 

7639 

7650 

7662 

7673 

87 

7685 

7696 

■•rni 

7719 

7731 


UitsM 


7776 

7788 

88 


7811 

7822 

7833 

7845 

7856 


7878 

7890 

7901 

89 


7923 


7946 

7957 

79G8 


7991 

8002 

8013 

90 

8024 

8035 

8046 

8057 

8068 

8079 

8090 

8101 

8112 

8123 

91 

8134 

8145 

8156 

8167 

8178 

8189 

8200 

8211 

8222 1 

8233 

92 

8244 

8255 

8265 

8276 

8287 

8298 

8309 

8320 

8330 1 

8341 

93 

8352 

8363 

8373 

8384 

8395 

8405 

8416 

8427 

8437 

8448 

94 

8459 

8469 

8480 

8491 

8501 

8512 

8522 

8533 

8544 

8554 

95 

8565 

8575 

8586 

8596 

8607 

8617 

8628 

8638 

8648 

8659 

96 

8669 

86S0 

8690 

8701 

8711 

8721 

8732 

8742 

8752 

8763 

97 

8773 

8783 

8794 

8804 

8814 

8824 

8835 

8845 

8855 

8863 

98 1 

8876 

8886 

8896 

8906 

8916 

8926 

8937 

8947 

8957 

8967 

99 1 


8987 

8997 

9007 

9017 

9027 

9037 

9048 

9058 

9068 

100 

1 9078 

9088 

9098 

9108 

9117 1 

9127 

9137 

9147 

9157 

9167 

N 

■I 

m 

2 

3 

m 

B 


B 

8 

9 
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INDEX 


F 

Formulas, of differentiation, 16, 
49, 55, 59, 73. 
of integration, 118, 344. 

Function, algebraic, 2. 
continuous, 8. 
discontinuous, 9. 
explicit, 2. 
es^onential, 57. 
implicit, 2. 
irrational, 2. 
logarithmic, 57. 
of one variable, 1. 
of several variables, 211. 
rational, 2. 
transcendental, 2. 

Functional notation, 3. 


G 

Geometrical applications, 78-95. 


H 

Homogeneous differential equa¬ 
tions, 305. 


I 

Implicit functions, 2, 25. 
Increment, 8. 

of a function, 64, 216. 
Independent variables, 3. 

Infinite limits, 147. 

Infinite series, 269-284. 
convergence and divergence of, 
269. 

Maclaurin’s, 273. 

Taylor’s, 276. 

Infinitesimal, 63, 
of higher order, 168. 

Integral, definite, 141. 
definition of, 105. 
double, 241-256. 
indefinite, 141. 
triple, 257-268. 

Integrating factor, 301. 
Integration, definition of, 105. 
by parts, 135. 
by substitution, 119. 
constant ot 106. 
formula^ of, 118. 
in series, 2^. 


Integration of rational fractions, 
130, 

of trigonometric functions, 124- 
127. 

L 

Length of a curve, 85, 169-173. 
Limits, 4. 

properties of, 5. 

Limits of integration, 141, 

Linear differential equations, 302, 
313. 

Logarithms, 57. 
natural, 59. 

M 

Maclaurin’s series, 273. 

Maxima and minima, one vari¬ 
able, 35-47. 
several variables, 236. 

Mean value of a function, 203. 
Mechanical and physical applica¬ 
tions, 181-210. 

Moment, 183. 
of inertia, 196. 

Motion of a particle, 28, 96-104. 
N 

Natural logarithm, 59. 

Normal, to a plane curve, 78. 
to a surface, 235. 

P 

Pappus’s theorems, 205-208. 
Partial derivative, 212. 
geometrical representation of, 
214. 

Partial differentiation, 211-240. 
Physical and mechanical applica¬ 
tions, 181-210.. 

Plane, tangent, 234.* 

Point of iimection, 82. 

Polar coordinates, area bounded 
by a plane curve, 156. 
derivatives of arc, 93. 
double integration, 247, 

Power series, '271. 

Pressure, 181. 

Principal part of differential, 
217. 

Prismoidal formula, 285. 




